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Part I
Review
1 Newtonian Mechanics
1.1 Coordinate System

• Polar {
er = ex cos θ + ey sin θ

eθ = −ex sin θ + ey cos θ
(1.1)

{
ėr = −exθ̇ sin θ + ey θ̇ cos θ

ėθ = −exθ̇ cos θ − ey θ̇ sin θ
(1.2)

ër = −ex

(
θ̈ sin θ + θ̇2 cos θ

)
+ ey

(
θ̈ cos θ − θ̇2 sin θ

)
= −er θ̇

2 + eθ θ̈

ëθ = ex

(
−θ̈ cos θ + θ̇2 sin θ

)
− ey

(
θ̈ sin θ + θ̇2 cos θ

)
= −er θ̈ + eθ θ̇

2
(1.3)

• Spherical 
er = ex sin θ cosφ+ ey sin θ sinφ+ ez cos θ

eθ = ex cos θ cosφ+ ey cos θ sinφ− ez sin θ

eφ = −ex sinφ+ ey cosφ

(1.4)


ėr =ex

(
θ̇ cos θ cosφ− φ̇ sin θ sinφ

)
+ ey

(
θ̇ cos θ sinφ+ φ̇ sin θ cosφ

)
− ez θ̇ sin θ = eθ θ̇ + eφφ̇ sin θ

ėθ =− ex

(
θ̇ sin θ cosφ+ φ̇ cos θ sinφ

)
+ ey

(
−θ̇ sin θ sinφ+ φ̇ cos θ cosφ

)
− ez θ̇ cos θ = −er θ̇ + eφφ̇ cos θ

ėφ = −exφ̇ cosφ− eyφ̇ sinφ = −erφ̇ sin θ − eθφ̇ cos θ

(1.5)
ër = eθ θ̈ + eφ

(
φ̈ sin θ + θ̇φ̇ cos θ

)
ëθ = −er θ̈ + eφ

(
φ̈ cos θ − θ̇φ̇ sin θ

)
ëφ = −er

(
φ̈ sin θ + θ̇φ̇ cos θ

)
− eθ

(
φ̈ cos θ − θ̇φ̇ sin θ

) (1.6)

1.2 Dynamics

Polar

m
(
r̈ − rθ̇2

)
= Fr

m
(
rθ̈ + 2ṙθ̇

)
= Fθ

Spherical


m
(
r̈ − rθ̇2 − rφ̇2 sin2 θ

)
= Fr

m
(
rθ̈ + 2ṙθ̇ − rφ̇2 sin θ cos θ

)
= Fθ

m
(
rφ̈ sin θ + 2ṙφ̇ sin θ + 2rφ̇θ̇ cos θ

)
= Fφ

Cylindrical


m
(
R̈−Rφ̇2

)
= FR

m
(
Rφ̈+ 2Ṙφ̇

)
= Fφ

mz̈ = Fz

Intrinsic
{
mdv

dt = Fr

m v2

ρ = Fn
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Part II
Analytical Theories
2 Lagrange’s Equations

d

dt

∂L

∂q̇α
− ∂L

∂qα
= 0 (2.1)

Assumptions:

• Constraints are holonomic ⇒ r = r(q1, q2, ..., qα, t)

• Constraint forces do no work ⇒
∑n
i=1 Ni · δri = 0

• Applied forces are conservative ⇒ Fi = −∇iV

• Potential V does not depend on q̇ ⇒ ∂V
∂q̇ = 0

2.1 Derivation
2.1.1 From D’Alembert’s Principle to Lagrange’s Equations

D’Alembert’s Principle
n∑
i=1

(Fi −mir̈i) · δri = 0 (2.2)

• The first part
n∑
i=1

Fi · δri =
n∑
i=1

(
Fi ·

s∑
α=1

∂ri
∂qα

δqα

)

=

s∑
α=1

(
n∑
i=1

Fi ·
∂ri
∂qα

)
δqα

=

s∑
α=1

Qαδqα

• The second part

−
n∑
i=1

mir̈i · δri = −
n∑
i=1

(
mir̈i ·

s∑
α=1

∂ri
∂qα

δqα

)
= −

s∑
α=1

(
n∑
i=1

mir̈i ·
∂ri
∂qα

)
δqα

= −
s∑

α=1

(
n∑
i=1

mi
dṙi
dt

· ∂ri
∂qα

)
δqα

= −
s∑

α=1

[
n∑
i=1

mi
d

dt

(
ṙi ·

∂ri
∂qα

)
−

n∑
i=1

miṙi ·
d

dt

(
∂ri
∂qα

)]
δqα

= −
s∑

α=1

[
n∑
i=1

mi
d

dt

(
ṙi ·

∂ṙi
∂q̇α

)
−

n∑
i=1

miṙi ·
∂ṙi
∂qα

]
δqα

= −
s∑

α=1

[
d

dt

∂

∂q̇α

(
n∑
i=1

1

2
mi |ṙi|2

)
− ∂

∂qα

(
n∑
i=1

1

2
mi |ṙi|2

)]
δqα

= −
s∑

α=1

(
d

dt

∂T

∂q̇α
− ∂T

∂qα

)
δqα

Then we have
s∑

α=1

(
Qα − d

dt

∂T

∂q̇α
+
∂T

∂qα

)
δqα = 0
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Since the set of virtual displacement δqα are independent, the only way for the equation above to hold is that

d

dt

∂T

∂q̇α
− ∂T

∂qα
= Qα (α = 1, 2, · · · , s)

If we now limit ourselves to conservative systems, we must have

Fi = −∇iV

and similarly,

Qα =

n∑
i=1

Fi ·
∂ri
∂qα

= −
n∑
i=1

∇iV · ∂ri
∂qα

= − ∂V

∂qα
(α = 1, 2, · · · , s)

We now define the Lagrangian for the system as

L = T − V

we can rewrite the equation above as
d

dt

∂(T − V )

∂q̇α
− ∂(T − V )

∂qα
= 0

we finally obtain Lagrange’s equations
d

dt

∂L

∂q̇α
− ∂L

∂qα
= 0 (α = 1, 2, · · · , s)

2.1.2 From Hamilton’s Principle to Lagrange’s Equations

I =

∫ t2

t1

Ldt

δI =δ

∫ t2

t1

L(qα, q̇α, t)dt

=

∫ t2

t1

(
∂L

∂qα
δqα +

∂L

∂q̇α
δq̇α

)
dt

=

∫ t2

t1

[
∂L

∂qα
δqα +

∂L

∂q̇α

d

dt
(δqα)

]
dt

=

∫ t2

t1

[
∂L

∂qα
− d

dt

(
∂L

∂q̇α

)]
δqαdt+

[
∂L

∂q̇α
δqα

]t2
t1

=

∫ t2

t1

[
∂L

∂qα
− d

dt

(
∂L

∂q̇α

)]
δqαdt = 0

Since the set of virtual displacement δqα are independent, the only way for the equation above to hold is that

∂L

∂qα
− d

dt

(
∂L

∂q̇α

)
= 0 (α = 1, 2, · · · , s)

2.2 Conservation Theorems
2.2.1 The Kinetic Energy

T =
1

2

∑
α

mαṙ
2
α (2.3)

rα = rα(qj , t)

ṙα =
∑
j

∂rα
∂qj

q̇j +
∂rα
∂t

(2.4)

ṙαṙα =
∑
j,k

∂rα
∂qj

∂rα
∂qk

q̇j q̇k + 2
∑
j

∂rα
∂qj

∂rα
∂t

q̇j +
∂rα
∂t

∂rα
∂t

(2.5)

∑
j

∂T

∂q̇j
q̇j = 2T (2.6)

5



2.2.2 Conservation of Energy
dL

dt
=
∑
j

∂L

∂qj
q̇j +

∑
j

∂L

∂q̇j
q̈j +

∂L

∂t

=
∑
j

d

dt

(
∂L

∂q̇j

)
q̇j +

∑
j

∂L

∂q̇j
q̈j +

∂L

∂t

=
∑
j

d

dt

(
∂L

∂q̇j
q̇j

)
+
∂L

∂t

(2.7)

It therefore follows that
d

dt

(
∂L

∂q̇j
q̇j − L

)
+
∂L

∂t
=

dH

dt
+
∂L

∂t
= 0 (2.8)

Where we introduce a new function
H(q, q̇, t) =

∑
i

∂L

∂q̇i
q̇i − L (2.9)

In cases where the Lagrangian is not explicitly dependent on time we find that

H(q, q̇, t) =
∑
i

∂L

∂q̇i
q̇i − L = cste (2.10)

Eq.(2.11) can be written as
H =

∑
i

∂L

∂q̇i
q̇i − L = 2T − L = T + U = E = cste (2.11)

The function H is called the Hamiltonian of the system and it is equaled to the total energy only if the following
conditions are met:

1. The equations of the transformation connecting the Cartesian and generalized coordinates must be independent of
time.

2. The potential energy must be velocity independent.

2.2.3 Noether’s Theorem: Invariantion → Conservation

δL =
∑
j

(
∂L

∂qj
δqj +

∂L

∂q̇j
δq̇j

)
=
∑
j

[
d

dt

(
∂L

∂q̇j

)
δqj +

∂L

∂q̇j
δq̇j

]
=

d

dt

∑
j

(
∂L

∂q̇j
δqj

)
(2.12)

• Conservation of Linear Momentum
If the generalized coordinate qi is cyclic, then the corresponding generalized momentum component pi to be
a constant of motion.

Generalized Momentum pi =
∂L

∂q̇i
= cste

• Conservation of Angular Momentum

L =
∑
α

(rα × pα) = cste

• Conservation of Hamiltonian

3 Euler’s Equation
∂F

∂y
− d

dx

∂F

∂y′
= 0 (3.1)
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3.1 Techniques of the Calculus of Differential

J =

∫ b

a

F (x, y, y′)dx

y(x) = y0(x) + αη(x)

J(α) =

∫ b

a

F (x, y0 + αη, y′0 + αη′)dx

dJ

dα
=

∫ b

a

(
∂F

∂y

∂y

∂α
+
∂F

∂y′
∂y′

∂α

)
dx

=

∫ b

a

(
∂F

∂y
η +

∂F

∂y′
η′
)
dx

=
∂F

∂y′
η

∣∣∣∣b
a

+

∫ b

a

η

(
∂F

∂y
− d

dx

∂F

∂y′

)
dx

=

∫ b

a

η

(
∂F

∂y
− d

dx

∂f

∂y′

)
dx = 0

Then we get the Euler’s Equation
∂F

∂y
− d

dx

∂F

∂y′
= 0

3.2 Techniques of the Calculus of Variations

J [y(x)] =

∫ b

a

F (x, y, y′)dx

δJ [y] = J [y + δy]− J [y]

=

∫ b

a

(
∂F

∂y
δy +

∂F

∂y′
δy′
)
dx

=
∂F

∂y′
δy

∣∣∣∣x2

x1

+

∫ b

a

(
∂F

∂y
− d

dx

∂F

∂y′

)
δydx = 0

=

∫ b

a

(
∂F

∂y
− d

dx

∂f

∂y′

)
δydx = 0

Then we get the Euler’s Equation
∂F

∂y
− d

dx

∂F

∂y′
= 0

4 Hamiltonian Dynamics
4.1 Hamilton’s Equations (Canonical Equations)
Now let’s derive Hamiltonian From Lagrangian. The total time derivative of L is

dL

dt
=
∑
j

∂L

∂qj
q̇j +

∑
j

∂L

∂q̇j
q̈j +

∂L

∂t

But from Lagrange’s equations,
∂L

∂qj
=

d

dt

(
∂L

∂q̇j

)
And the total time derivative of L can be written as

dL

dt
=
∑
j

d

dt

(
∂L

∂q̇j

)
q̇j +

∑
j

∂L

∂q̇j
q̈j +

∂L

∂t
=
∑
j

d

dt

(
∂L

∂q̇j
q̇j

)
+
∂L

∂t

7



It therefore follows that
d

dt

∑
j

∂L

∂q̇j
q̇j − L

+
∂L

∂t
=

dH

dt
+
∂L

∂t
= 0

or
dH

dt
= −∂L

∂t

We define that
H =

∑
j

∂L

∂q̇j
q̇j − L =

∑
j

pj q̇j − L

The function H is called the Hamiltonian of the system.

4.1.1 Derive Hamilton’s Equations by Differential Way

H = H(pi, qi, t) ⇒ dH =
∑
i

(
∂H

∂pi
dpi +

∂H

∂qi
dqi

)
+
∂H

∂t
dt

H =
∑
i

piq̇i − L (qi, q̇i, t) ⇒ dH =
∑
i

(
pidq̇i + q̇idpi −

∂L

qi
dqi −

∂L

q̇i
dq̇i

)
− ∂L

∂t
dt

=
∑
i

(q̇idpi − ṗidqi)−
∂L

∂t
dt

Then we get the Hamilton’s Equation

q̇ =
∂H

∂p
ṗ = −∂H

∂q

∂H

∂t
= −∂L

∂t

4.1.2 Derive Hamilton’s Equations by Legendre Transform

What is a Legendre Transformation?

∂f

∂xi
= ui,

∂f

∂yi
= vi (i = 1, 2, . . . , n) (4.1)

df =
∑
i

(uidxi + vidyi) +
∂f

∂t
dt (4.2)

We define that
g ≡

∑
i

uixi − f (4.3)

Then we do the Legendre Transformations:

dg =
∑
i

(uidxi + xidui)− df

=
∑
i

(uidxi + xidui − uidxi − vidyi)−
∂f

∂t
dt

=
∑
i

(xidui − vidyi)−
∂f

∂t
dt

(4.4)

dg =
∑
i

(
∂g

∂ui
dui +

∂g

∂yi
dyi

)
+
∂g

∂t
dt

According to the Differential Laws, we have

∂g

∂ui
= xi

∂g

∂yi
= −vi

∂g

∂t
= −∂f

∂t

Then we can do this
H → g, L→ f, q̇ → x, q → y, p→ u, ṗ→ v

8



Then we have
H =

∑
i

piq̇i − L (qi, q̇i, t)

∂L

∂q̇i
= pi

∂L

∂q
= ṗi

q̇ =
∂H

∂p
ṗ = −∂H

∂q

∂H

∂t
= −∂L

∂t

Hamiltonian as a Legendre Transform of Lagrangian

4.1.3 Derive Hamilton’s Equations From Hamilton’s Principle

Hamilton’s Principle

δI ≡ δ

∫ t2

t1

Ldt = 0

L(q, q̇, t) = pq̇ −H(q, p, t)

δI =

∫ t2

t1

δ(pq̇ −H(q, p))dt =

∫ t2

t1

(
pδq̇ + q̇δp− ∂H

∂q
δq − ∂H

∂p
δp

)
dt = 0

The first part can be written like this∫ t2

t1

(pδq̇)dt =

∫ t2

t1

(
p
d

dt
δq

)
dt = pδq

∣∣∣∣t2
t1

−
∫ t2

t1

ṗδqdt = −
∫ t2

t1

ṗδqdt

Then we have
δI =

∫ t2

t1

[
−
(
ṗ+

∂H

∂q

)
δq +

(
q̇ − ∂H

∂p

)
δp

]
dt = 0

Since the sets of virtual displacement δq and δp are independent, the only way for the equation above to hold is that

q̇ =
∂H

∂p
ṗ = −∂H

∂q

4.2 Phase Space

q̇ =
∂H(p, q)

∂p
ṗ = −∂H(q, p)

∂q

dp

dq
= f(q, p)

4.2.1 Liouville’s Theorem

Denote the density of particles in phase space: D = D(q, p, t)

dD

dt
= 0

5 The Poisson Bracket
5.1 The Poisson Bracket

[ϕ, ψ]q,p =
∑
k

(
∂ϕ

∂qk

∂ψ

∂pk
− ∂ϕ

∂pk

∂ψ

∂qk

)
• [ϕ, ψ] = −[ψ, ϕ]

• [aϕ+ bψ, θ] = a[ϕ, θ] + b[ψ, θ]

• [ϕ, c] = 0

• [ϕ, ϕ] = 0

9



• [ql, qs] = 0 [pk, ps] = 0 [qk, ps] = δks =

{
1, k = s

0, k ̸= s

[qk, ϕ] =
∂ϕ
∂pk

[pk, ϕ] = − ∂ϕ
∂qk

• [θ, ψϕ] = ψ[θ, ϕ] + [θ, ψ]ϕ [ψϕ, θ] = ψ[ϕ, θ] + [ψ, θ]ϕ

• [−ϕ, ψ] = [ϕ,−ψ] = −[ϕ, ψ]

• ∂
∂t [ϕ, ψ] =

[
∂ϕ
∂t , ψ

]
+
[
ϕ, ∂ψ∂t

]
d
dt [ϕ, ψ] =

[
dϕ
dt , ψ

]
+
[
ϕ, dψdt

]
• Jacobi’s identity

[θ, [ϕ, ψ]] + [ϕ, [ψ, θ]] + [ψ, [θ, ϕ]] = 0

5.2 Fundamental Poisson Bracket
[qj , qk] =

∂qj
∂qi

∂qk
∂pi

− ∂qj
∂pi

∂qk
∂qi

= 0 [pj , pk] = 0

[qj , pk] =
∂qj
∂qi

∂pk
∂pi

− ∂qj
∂pi

∂pk
∂qi

= δjk [pj , qk] = −δjk

5.3 The Equations of Motion
The total time derivative of a function u(q, p, t)

du

dt
=
∑
k

(
∂u

∂qk
q̇k +

∂u

∂pk
ṗk

)
+
∂u

∂t

=
∑
k

(
∂u

∂qk

∂H

∂pk
− ∂u

∂pk

∂H

∂qk

)
+
∂u

∂t

= [u,H] +
∂u

∂t

5.4 Poisson Equations

q̇i = [qi,H] ṗi = [pi,H]

5.5 Poisson’s Theorem
ϕ(q, p) = c1 ψ(q, p) = c2 ⇒ [ϕ, ψ] = c3

Example: L = r× p
Lx = ypz − zpy Ly = zpx − xpz Lz = xpy − ypx

Lx = [Ly, Lz] Ly = [Lz, Lx] Lz = [Lx, Ly]

if Lx, Ly are constants of motion, then Lz is also one.

6 Canonical Transformation
To find the way to optimize the choice of coordinates for maximizing the number of cyclic variables, we suppose

Qi = Qi(q, p, t) Pi = Pi(q, p, t)

We require that there exits some function K(Q,P, t) such that

Q̇i =
∂K

∂Pi
Ṗi = − ∂K

∂Qi

We know that the canonical equations resulted from the condition

δ

∫ t2

t1

Ldt = δ

∫ t2

t1

[∑
i

piq̇i −H(q, p, t)

]
dt = 0

10



which we can similarly write

δ

∫ t2

t1

L′dt = δ

∫ t2

t1

[∑
i

PiQ̇i −K(q, p, t)

]
dt = 0

For the same system, we have
L = L′ +

dF

dt
F is called the generating function(generator) of the transformation, and it can be any function of pi, qi, Pi, Qi and t.

piq̇i −H(q, p, t) = PiQ̇i −K(q, p, t) +
dF

dt

Multiplying by the time differential:

dF =

s∑
i=1

(pidq − PidQi) + (K −H)dt

So we have the Canonical Transformations:

pi =
∂F

∂qi
Pi = − ∂F

∂Qi
K −H =

∂F

∂t

The standard for Canonical Transformations
Q = Q(q, p) P = P (q, p)

Q =
∂K

∂P
P = −∂K

∂Q

[Q,P ]q,p = 1

6.1 Four Basic Generators
F = F1(q,Q, t) pi =

∂F

∂qi
Pi = − ∂F

∂Qi
We have three additional choices by Legendre Transformation g(y, u) = f(y, x)− ux

F = F2(q, P, t)−
s∑
i=1

QiPi

F = F3(p,Q, t) +

s∑
i=1

qipi

F = F2(p, P, t) +

s∑
i=1

(qipi −QiPi)

So we have four basic types of generating functions:
F1(q,Q, t) F2(q, P, t) F3(p,Q, t) F4(p, P, t)

Generator Derivatives Trivial Case

F1(q,Q, t) pi =
∂F1

∂qi
Pi = − ∂F1

∂Qi
F1 =

∑s
i=1 qiQi Qi = pi Pi = −qi

F2(q, P, t)−
∑s
i=1QiPi pi =

∂F2

∂qi
Qi =

∂F2

∂Pi
F2 =

∑s
i=1 qiPi Qi = qi Pi = pi

F3(p,Q, t) +
∑s
i=1 qipi qi = −∂F3

∂pi
Pi = − ∂F3

∂Qi
F3 =

∑s
i=1 piQi Qi = −qi Pi = −pi

F4(p, P, t) +
∑s
i=1(qipi −QiPi) qi = −∂F4

∂pi
Qi =

∂F4

∂Pi
F4 =

∑s
i=1 piPi Qi = pi Pi = −qi

11



6.2 Hamilton-Jacobi Equation

H(q,
∂S

∂q
, t) +

∂S

∂t
= 0

dS

dt
= L

S =

∫
Ldt

S = −Et+W (q, P )

H(q,
∂W

∂q
) = E

12



Part III
Applications
7 Central Force Motion
7.1 Tow-body Problem

Reduced Mass : µ =
m1m2

m1 +m2
M = m1 +m2

r = r1 − r2 R =
m1r1 +m2r2
m1 +m2

Lagrangian:

L =
1

2
MṘ2 +

1

2
µṙ2 − V (r) =

P 2

2M
+

1

2
µṙ2 − V (r)

As we know, P = cste, so the re-gauged Lagrangian

L′ =
1

2
µṙ2 − V (r)

From the Noether’s Theorem: A central force produces no torque about the center, and the space is isotropic, so the
angular momentum about the center is conserved. That is

L = r × p = cste

Since in this case L is fixed, it follows that the motion is at all time confine to the aforementioned plane.

L =
1

2
µṙ2 − V (r) =

1

2
µ(ṙ2 + r2θ̇2)− V (r)

The momentum pθ is a first integral of motion and is seen to equal the magnitude of the angular momentum vector.

pθ =
∂L

∂θ̇
= µr2θ̇ = cste = l

7.2 The Equations of Motion
µ(r̈ − rθ̇2) = F (r) (1) (Radial equation)
µr2θ̇ = l (2) (Lateral equation)
1
2µ(ṙ

2 + r2θ̇2) + V = E (3) (Conservation of mechanical energy)

7.2.1 The First Way: Orbit Equation

WIth the equations (2) and (3), we get

θ = ±
∫

(l/r2)dr√
2µ
[
E − V (r)− l2

2µr2

] + cste

7.2.2 The Second Way: J.P.Binet Equation

with the equations (1) and (2), we get
d2

dθ2

(
1

r

)
+

1

r
= −µr

2

l2
F (r)

We now modify the equation by making the following change of variable

u =
1

r

then we have the J.P.Binet Equation

l2u2
(
d2u

dθ2
+ u

)
= −µF (r)

13



7.3 The Characteristics of Orbits
• Total energy

E =
1

2
µṙ2 +

1

2

l2

µr2
+ V (r) =

1

2
µṙ2 + Veff(r)

• Rotation potential (centrifugal potential energy)

Vc =
1

2

l2

µr2

• Effective potential

Veff = V (r) +
l2

2µr2
= −

∫
F (r)dr +

l2

2µr2

7.4 Planetary Motion - Kepler’s Problem

ε > 1 E > 0 Hyperbola

ε = 1 E = 0 Pararbola

0 < ε < 1 Vmin < E < 0 Ellipse

ε = 0 E = Vmin Circle

Orbit Equation:
1

r
= C(1 + ε cos θ) C =

µk

l2
ε =

√
1 +

2El2

µk2

1

r
=
µk

l2

(
1 +

√
1 +

2El2

µk2
cos θ

)
Orbit parameter:

a = − k

2E
b =

√
− l2

2µE

Period of rotation:
τ = 2π

√
µ

k
a

3
2

7.4.1 Stable Circular Orbits

1. Veff
dVeff
dr

∣∣∣∣
r=r0

= 0
d2Veff
dr2

∣∣∣∣
r=r0

> 0

2. linearization (r = r0 + x)

ẍ+
1

m

d2Veff(r)

dr2

∣∣∣∣
r=r0

x = 0

ω2
r =

1

m

d2Veff(r)

dr2
> 0
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7.5 Scattering

• Force field
F (r) =

k

r2
k =

q1q2
4πε0

• Orbit Equation:
1

r
= C(−1 + ε cos θ) C =

µk

l2
ε =

√
1 +

2El2

µk2

1

r
=
µk

l2

(
−1 +

√
1 +

2El2

µk2
cos θ

)

• The angle of scattering:
Θ = π − (θ2 − θ1) cot

Θ

2
=

2Eb

k

• Differential Cross Section:
σ(Θ) =

I ′

I
where I ′ = dN

dΩ

σ(Θ) = − b

sinΘ

db

dΘ

σ =

∫
σ(Θ)dΩ =

∫ π

0

2πσ(Θ) sinΘdΘ

8 Dynamics of Rigid Bodies
8.1 The Inertia Tensor and The Kinetic Energy

I =

∫
r2dm

Inertia tensor I

I =

∫ (y2 + z2)dm −
∫
xydm −

∫
xzdm

−
∫
xydm

∫
(z2 + x2)dm −

∫
yzdm

−
∫
xzdm −

∫
yzdm

∫
(x2 + y2)dm


The principal Axes of inertia

I =

I1 0 0
0 I2 0
0 0 I3


L = Iω

T =
1

2
ωT Iω

T =
1

2
(I1ω

2
1 + I2ω

2
2 + I3ω

2
3)
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8.2 Euler Angles
(x′, y′, z′) x

↓ Rotate by ϕ around z′ axis
(ξ, η, ζ) Dx

↓ Rotate by θ around ξ axis
(ξ′, η′, ζ ′) CDx

↓ Rotate by ψ around ζ ′ axis
(x, y, z) Ax = BCDx

D =

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

 C =

1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 B =

 cosψ sinψ 0
− sinψ cosψ 0

0 0 1


A =

 cosψ cosϕ− cos θ sinϕ sinψ cosψ sinϕ+ cos θ cosϕ sinψ sinψ sin θ
− sinψ cosϕ− cos θ sinϕ cosψ − sinψ sinϕ+ cos θ cosϕ cosψ cosψ sin θ

sin θ sinϕ − sin θ cosϕ cos θ


In Inertia principal axes systemω1

ω2

ω3

 =

sinψ sin θ
cosψ sin θ

cos θ

 ϕ̇+

 cosψ
− sinψ

0

 θ̇ +
00
1

 ψ̇ =

ϕ̇ sin θ sinψ + θ̇ cosψ

ϕ̇ sin θ cosψ − θ̇ sinψ

ϕ̇ cos θ + ψ̇


ωxωy
ωz

 =

00
1

 ϕ̇+

cosϕsinϕ
0

 θ̇ +
 sin θ sinϕ
− sin θ cosϕ

cos θ

 ψ̇ =

θ̇ cosϕ+ ψ̇ sin θ sinϕ

θ̇ sinϕ− ψ̇ sin θ cosϕ

ϕ̇+ ψ̇ cos θ


T =

1

2

(
I1ω

2
1 + I2ω

2
2 + I3ω

2
3

)
=

1

2
I1

(
ϕ̇ sin θ sinψ + θ̇ cosψ

)2
+

1

2
I2

(
ϕ̇ sin θ cosψ − ϕ̇ sinψ

)2
+

1

2
I3

(
ϕ̇ cos θ + ψ̇

)2
• In Inertia principal axes system

L = T − V =
1

2
I1

(
ϕ̇ sin θ sinψ + θ̇ cosψ

)2
+

1

2
I2

(
ϕ̇ sin θ cosψ − ϕ̇ sinψ

)2
+

1

2
I3

(
ϕ̇ cos θ + ψ̇

)2
− V

• If I1 = I2

L =
1

2
I1

(
ϕ̇2 sin2 θ + θ̇2

)
+

1

2
I3(ϕ̇ cos θ + ψ̇)2 − V

• if I1 = I2 = I3 = I

L =
1

2
I
(
ϕ̇2 + θ̇2 + ψ̇2 + 2ϕ̇ψ̇ cos θ

)
− V

8.3 Euler’s Equations
L̇ = M+ L× ω

In Inertia principal axes system 
I1ω̇1 =M1 + (I2 − I3)ω2ω3

I2ω̇2 =M2 + (I3 − I1)ω3ω1

I3ω̇3 =M3 + (I1 − I2)ω1ω2

8.4 Lagrangian Method for Rigid Dynamics
• Asymmetrical top: I1 ̸= I2 ̸= I3

• Symmetrical top: I1 = I2 ̸= I3

• Spherical top: I1 = I2 = I3

• Rotator: I1 = I2 ̸= 0 I3 = 0
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8.4.1 Rotationanl Kinetic Energy of a Symmetric Top

The rotational kinetic energy for a symmetric top can be written as

Trot =
1

2
I1
(
ω2
1 + ω2

2

)
+

1

2
I3ω

2
3 =

1

2
I1

(
θ̇2 + ϕ̇2 sin2 θ

)
+

1

2
I3

(
ψ̇ + ϕ̇ cos θ

)2
L(θ, θ̇, ϕ̇, ψ̇) = Trot

SInce ϕ and ψ are ignorable coordinates, there canonical angular momenta

pϕ =
∂L

∂ϕ̇
= I1ϕ̇ sin

2 θ + I3

(
ψ̇ + ϕ̇

)
cos θ = cste

pψ =
∂L

∂ψ̇
= I3ω3 = cste

pθ =
∂L

∂θ̇
= I1θ̇

pϕ and ψ are constants of the motion. By inverting these relations, we obtain

ϕ̇ =
pθ − pψ cos θ

I1 sin
2 θ

ψ̇ = ω3 −
(pϕ − pψ cos θ) cos θ

I1 sin
2 θ

8.4.2 Symmetric Top with One Fixed Point

We now consider the case of a spinning symmetric top of mass M and principal moments of intertia (I1 = I2 ̸= I3) with
one fixed point O moving in a gravitational field with constant acceleration g.

L =
1

2
I1

(
θ̇2 + ϕ̇2 sin2 θ

)
+

1

2
I3

(
ψ̇ + ϕ̇ cos θ

)2
−Mgh cos θ

Veff(θ) =
(pϕ − pψ cos θ)2

2I1 sin
2 θ

+Mgh cos θ

8.4.3 Stability of the Sleeping Top

Let’s consider the case where a symmetric top with one fixed point is launched with initial conditions θ0 ̸= 0 and
θ̇ = ϕ̇ = 0, with ψ̇ ̸= 0. In this case, the invariant canonical momenta are

pψ = I3ψ̇0 pϕ = pψ cos θ0

9 Small Oscillations
9.1 frequency of oscillation

T =
1

2

∑
j,k

mjk q̇j q̇k =
1

2
q̇TMq̇

V =
1

2

∑
j,k

(
∂2V

∂qj∂qk

)
qjqk =

1

2

∑
j,k

vjkqjqk =
1

2
qTVq

Thereinto

q =

q1...
qn

 q̇ =

q̇1...
q̇n

 M =

M11 · · · M1n

... . . . ...
Mn1 · · · Mnn

 V =

V11 · · · V1n
... . . . ...
Vn1 · · · Vnn


We than get the Lagrangian

L = T − V =
1

2

∑
j,k

(mjk q̇j q̇k − vjkqjqk) =
1

2
q̇TMq̇− 1

2
qTVq
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Using the Lagrangian Equation
∂L

∂qk
− d

dt

(
∂L

∂q̇k

)
= 0

We get ∑
j

(mjk q̈j + vjkqj) = 0

And they can be written in a matrix form:
Mq̈+Vq = 0

We suppose
q = Aeiωt and A = (A1, · · · , An)T

Then we get
(V − ω2M)A = 0

In order to get a non-trivial solution to this equation, the determinant of the quantity in parentheses must vanish

det(V − ω2M) = 0

This determinant is called the characteristic or secular equation and is an equation of degree n in ω2. The corre-
sponding n roots ω2

r are the characteristic frequencies or eigenfrequencies. The eigenvector Ar = (A1r, · · · , Anr)T
associated with a given root ωr. We can write the generalized coordinate qj as a linear combination of the solutions for
each root

q =
∑
r

Arcre
i(ωrt−δr) or q =

∑
r

Arcr cos(ωrt− δr)

9.2 Normal Coordinates
Xr = cr cos(ωr − δr)

L =
∑
r

1

2
mr(Ẋ

2
r − ω2

rXr)

q =
∑
r

ArXr

or
q = A′X

A′ =

A11 · · · A1n

... . . . ...
An1 · · · Ann

 X =

X1

...
Xn



18


	I Review
	Newtonian Mechanics
	Coordinate System
	Dynamics


	II Analytical Theories
	Lagrange's Equations
	Derivation
	From D’Alembert’s Principle to Lagrange's Equations
	From Hamilton’s Principle to Lagrange's Equations

	Conservation Theorems
	The Kinetic Energy
	Conservation of Energy
	Noether's Theorem: Invariantion  Conservation


	Euler's Equation
	Techniques of the Calculus of Differential 
	Techniques of the Calculus of Variations

	Hamiltonian Dynamics
	Hamilton’s Equations (Canonical Equations)
	Derive Hamilton’s Equations by Differential Way
	Derive Hamilton’s Equations by Legendre Transform
	Derive Hamilton’s Equations From Hamilton’s Principle

	Phase Space
	Liouville’s Theorem


	The Poisson Bracket
	The Poisson Bracket
	Fundamental Poisson Bracket
	The Equations of Motion
	Poisson Equations
	Poisson's Theorem

	Canonical Transformation
	Four Basic Generators
	Hamilton-Jacobi Equation


	III Applications
	Central Force Motion
	Tow-body Problem
	The Equations of Motion
	The First Way: Orbit Equation
	The Second Way: J.P.Binet Equation

	The Characteristics of Orbits
	Planetary Motion - Kepler's Problem
	Stable Circular Orbits

	Scattering

	Dynamics of Rigid Bodies
	The Inertia Tensor and The Kinetic Energy
	Euler Angles
	Euler's Equations
	Lagrangian Method for Rigid Dynamics
	Rotationanl Kinetic Energy of a Symmetric Top
	Symmetric Top with One Fixed Point
	Stability of the Sleeping Top


	Small Oscillations
	frequency of oscillation
	Normal Coordinates



