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Part 1
Review

1 Newtonian Mechanics

1.1 Coordinate System

e Polar
e, =ezcost + ey sind
ep = —eysinf + e, cost

é, = —e,fsinf + eyé cosf (12)
ey = fezécosf) — eyésinﬂ '
é, = —e, (ésin@ +62cosf) +e, (Ocosh —0%sinf) = —e, 62 + e 13)
€p — €, <7BCOS9 +62%sin6) — ey (0sind + 02cosf) = —e,.0 + eph?
e Spherical
e, = e;sinfcosp+ ey sinfsing + e, cos
ep = e, cosfcosp + e, cosfsinp —e,sinf (1.4)
e, = —e,; siny + e, cos
é, =ey (écos@cosgo — gbsin&sinap) +ey <écosﬁsingp + gbsin@cosgo) —e,0sinfd = ey + e, psinf
€g=—e; (9sin9005<p + c,bcos@sincp) +ey (—ésin@singo + ¢cos€cos<p) —e.fcos = —e 0+ e, pcosl
€, = —e;pcosp —eypsing = —e,psind — egpcos
(1.5)

é, = egh + e, (gbsin@ + égbcosé))
éo = —e 0+ e, (gb cos§ — Bpsin 9) (1.6)
€, = —e, (gb sin 6 + égb oS 9) — ey (gb cosf — 9¢sin 9)

1.2 Dynamics

. m (7 — rf? — r$? sin? 9) =F,
m 7'“'—7”02) = F,

Polar . g Spherical m (r6 + 20 — rp? sin 0 cos 0) =P
m (1 + 27*9) — F, _
m (r@sind + 27psin 6 4 2rph cos 0) =F,
m (R — R<p2) — Fp
. mi = F.
Cylindrical m (Rp +2 R99) =F, Intrinsic 35
m? = I'n

mzi=1F,



Part 11
Analytical Theories

2 Lagrange’s Equations
d oL 0L _ 0
dt 04e  Oqn
Assumptions:
 Constraints are holonomic = r = r(q1, q2, ..., ¢, t)

o Constraint forces do no work = 2?21 N, -or; =0

o Applied forces are conservative = F; = —V,;V
e Potential V does not depend on ¢ = %—V =0
q

2.1 Derivation
2.1.1 From D’Alembert’s Principle to Lagrange’s Equations

D’Alembert’s Principle

n

=1

e The first part

SERor=Y (F S g§6q>
i=1 «

1=1 a=1
) 4o

S n al
_Z<ZF’"8;

i=1

e The second part

—;mﬁi SO0ry = — Z (mﬂ‘z ‘ Z g;; 5%) = - (Z m;T; - g(?) 0Ga

i=1 a=1 a=1 \i=1 «
: - r;  Or;
& d or; - d [/ or;
3 Sy (e ) - S ()|
S n d ) a.Z n
:—Qz::l ;mldt (ri~6;.a)—;mm aa] 0qa
ld 9 [&K1 .o, 0 (<1 2
= —az::l _&@ <Z 2mz |TL| ) - ﬁ (; sz |"°z| >‘| 0qa
L (dor Ty
- (dt 9e 8qa> o

Then we have

2 d or  aT
_f%‘amUw%ﬁ%—o

[0



Since the set of virtual displacement dq, are independent, the only way for the equation above to hold is that

d oT oOT
. — a —Wa :1;2,"'a
At 06a  0ga %0 @ ?
If we now limit ourselves to conservative systems, we must have
F,=-V,V

and similarly,

8’I°i ov

n 87”' n
= F, - — =— v,V . = =12,
; ; 94 Oqa (@

94
We now define the Lagrangian for the system as
L=T-V
we can rewrite the equation above as
doTr-Vv) oT-V)

- =0
dt  04a 990

we finally obtain Lagrange’s equations

AOL L,

dt 04a  0qa

2.1.2 From Hamilton’s Principle to Lagrange’s Equations

to
I:/ Ldt
t1
ta

0 =6 L(qa, Ga, t)dt

ty

t2 /9L oL .

/t1 <aqa5qa 9 —44q, >dt
27 9L a

= 5%}

/tl o + 557 00)

oL d oL t2

—/h 9~ @ <aqa)] Pt [aqa‘S%L

d

219, ( oL )]
— 8gadt =0
/tl _an 04a ¢

Since the set of virtual displacement dq, are independent, the only way for the equation above to hold is that

oL oL
g it (o7,) =0 (=12

2.2 Conservation Theorems

2.2.1 The Kinetic Energy
1
=52 Mafs
«

I'q =Tq (Qj , t)

Z@ra . 70(

Or, Or, . . 0ra 8ra . 6ra ory
Fafa = Z Dq; Dg U T2 Z o Tt o o

4 o4 = 2T



2.2.2 Conservation of Energy
Z oL n oL
dq; oo+ 2,01 &
Z oL . 9k
T Zadt ag; " T ot (2.7)
Z ‘lL
dt aq qf o

oL, \, 9L _dH 9L
at At ot

It therefore follows that
=0 (2.8)

Where we introduce a new function

H(q, ;1) Z 7 oL (2.9)

In cases where the Lagrangian is not explicitly dependent on time we find that

oL
H(q,q,t) = —¢; — L = cste (2.10)
2 04
Eq.(2.11) can be written as
H= Za Gi—L=2T—L=T+U=E = cste (2.11)

The function H is called the Hamiltonian of the system and it is equaled to the total energy only if the following
conditions are met:

1. The equations of the transformation connecting the Cartesian and generalized coordinates must be independent of
time.

2. The potential energy must be velocity independent.

2.2.3 Noether’s Theorem: Invariantion — Conservation
OL oL . OL 8 d
6L = zj: (8 dq; + 24, 6%) = Z {dt (c'? ) dq; * 5 j:| X zj: ( ) (2.12)

¢ Conservation of Linear Momentum

If the generalized coordinate g; is cyclic, then the corresponding generalized momentum component p; to be
a constant of motion.

Generalized Momentum p; = 90 = cste
qi

e Conservation of Angular Momentum

L= Zraxpa ) = cste
«

¢ Comnservation of Hamiltonian

3 Euler’s Equation

OF d oF

- =7 1
dy  dz 0y’ (3.1)



3.1 Techniques of the Calculus of Differential
1= [ P
y(@) = yo(x) + an(z)
/abF (x,y0 + an,y, + an’)dz

dJ b OF dy aFay "
ay 0a 8y’8

)dm
+/b aF—ia—F dx
o Ja oy dx oy

b roF 4 of
—Z”QM‘M@J“—O

b

5

Then we get the Euler’s Equation

6yl = Jly + oyl — J[y
[t (oF_  oF
_/a <3y6 31/6y>dx
T2 b
oF +/ 62 d oF dydx =0
. @ y  dz oy’

— 0y
B OF d of B
‘l(@ mw)@“‘o

a /

Then we get the Euler’s Equation

4 Hamiltonian Dynamics

4.1 Hamilton’s Equations (Canonical Equations)

Now let’s derive Hamiltonian From Lagrangian. The total time derivative of L is

dL oL | oL .. oL
LT
j J j q]

oL _d (oL
an‘ B dt 8qJ

And the total time derivative of L can be written as

dL d /0L . oL . oL oL oL
@l <aqj)%‘+¥aq-j%‘ i Zdt (aq qﬂ) o

But from Lagrange’s equations,



It therefore follows that

i ai'._L +87L—g+87[]—0
dt \ % aq; Y ot dt = ot
or
dH _ oL
dt ot

We define that oL
H:Zf.dj*L:ij(Jj*L
5 94 J
The function H is called the Hamiltonian of the system.

4.1.1 Derive Hamilton’s Equations by Differential Way

OH OH OH
H = Hipant) = = 3 (Gla+ Gildas) +

%

) . ) ) OL oL . OL
H= ZpiQi - L(qi,q¢i,t) = dH = Z <piin + gidp; — ?d%‘ - qui> - Edt

oL
= zd P — zd i) — —dt
Ei: (dsdps — Pidgs) —
Then we get the Hamilton’s Equation
. OH . OH OH 0L
o PT ¢ ot T ot
4.1.2 Derive Hamilton’s Equations by Legendre Transform

What is a Legendre Transformation?

0 0
aizui, aizvi (i:1,2,...,n)
of
df = idw; +vidy;) + —-di
f Z(u x; + vidy;) + B
We define that
9= Z wiz; — f
Then we do the Legendre Transformations:
dg = Z (uidz; + zidu;) — df
0
= Z (uidxi + x;du; — u;dx; — Uzdyl) — (()%dt

of
= ZZ: (xlduz - Uidyi) - Edt

dg Jg dg
dg=>_ (Mdui + By, dyi) + o dt

i
According to the Differential Laws, we have

9g 99 99 _ 9f

P W N V-V

Then we can do this
H—=g L—f ¢—x ¢y, p—u p—v



Then we have
H = Zpi(ii — L(gi, 4 1)

oL 0L _ .
aqL _pZ 8(] _p’L
OH . 9H OH 0L

o T ot T ot

Hamiltonian as a Legendre Transform of Lagrangian

4.1.3 Derive Hamilton’s Equations From Hamilton’s Principle

Hamilton’s Principle

ta
5155/ Ldt=0
ty

b2 b2 OH OH
oI = / d(pq — H(g,p))dt = / <p5d+ 4op — ——0q — 5p> dt =0
ty

t dq dp
The first part can be written like this

to ) d ta ta ta
/ (pég)dt = / (p5q> dt = pdq| — / pogdt = —/ pogdt
t1 t1 dt t1 ty t1
t2 H H
51:/ - p+a— ogq + (j—a— op|dt =0
t1 aq 8])

Since the sets of virtual displacement dg and dp are independent, the only way for the equation above to hold is that

Then we have

_om . on
=2 P= "%

4.2 Phase Space

_ 0H(p,q) . _0H(¢,p) dp _
=5, p= 4 a4 = f(q,p)

4.2.1 Liouville’s Theorem

Denote the density of particles in phase space: D = D(q,p,t)

dD
= =0
dt

5 The Poisson Bracket

5.1 The Poisson Bracket

(00w 000
[0, ¥]qp = zk: (3% Opr  Opk 3%)

R o e (O

o [ag+ 09, 0] = al¢, 0] + b, 0]
« (¢, =0

« [¢,0]=0



* la,¢s] =0 [prsps] =0 gk, ps] = Oks = {;: ; z
e8] = 52 [prd] = — 22

o [0.90] =000, + 0,00 [¥e.0] =[s,0] + [¢,0]6

o [0, ¢] = [, Y] = —[¢,¥]

o ol =[]+ 0.5 o= [%v]+ |09

« Jacobi’s identity
[0, 16, 9] + [, [¥, 6]] + [¢, [0, 0]] = 0

5.2 Fundamental Poisson Bracket
4 _ 0q; Oqr. 0q; Oqic 4 B
[QJﬂlIk] - aql apz 8])7, 8% - [p]?pk] - 0

” }:anapkian'apk: . [ps.qn] = —;
45> Pk 0q; Op;  Op; Oq; " b "

5.3 The Equations of Motion

The total time derivative of a function wu(q, p, t)

at — 2 \ag. " " opt) T o

Ly (2o owony o
— \Oqi. Op. Opx Oqp, ot
ou

5.4 Poisson Equations

4 = [q;, H] Pi = [pi, H]

5.5 Poisson’s Theorem

¢(Q7p) = 1/’(%10) =C2 = [qsa 1/}] =C3
Example: L=r x p
Ly =yp. — zpy Ly = zp, — xp. L. =axpy — yps
L, =1Ly, L] L, =1L, L,] L,=[L;, L,

if Ly, L, are constants of motion, then L, is also one.

6 Canonical Transformation

To find the way to optimize the choice of coordinates for maximizing the number of cyclic variables, we suppose

Q’L:Q’L(Qapvt) Pi:Pi(q7p7t)
We require that there exits some function K(Q, P,t) such that
oK . oK
— P —

~ OP, Qs

We know that the canonical equations resulted from the condition

Qi

t ta
ty1

t1

10



which we can similarly write

to
5/ U&:&/
t1

ZPQz (g;p, )]dt—o

For the same system, we have

dF
L=L+—
+ dt
F is called the generating function(generator) of the transformation, and it can be any function of p;, ¢;, P;, Q; and t.
pidi — H(q.p,t) = PiQ; — K(q,p,t) + I

Multiplying by the time differential:

F = Fy(q, P,t) —

Z@ 2

dF =Y (pidg — PidQ;) + (K — H)dt
i=1
So we have the Canonical Transformations:
_or , _ oFr . . OF
P00 T T 0q "ot
The standard for Canonical Transformations
Q@=Q(¢,p) P=P(gp)
8K 0K
Q —_ —_ R
oQ
[Q> P ]q,p =1
6.1 Four Basic Generators
oF oF
I(QaQa ) Di aql 3 aQZ
We have three additional choices by Legendre Transformation g(y,u) = f(y,x) — ux

i=1

F = Fy(p, Pt) + Z(%‘pi —QiF)

So we have four basic types of generating functions: -
Fi(q,Q.t) Fx(q,Pt) F3(p,Q,t) Fulp, Pt)
Generator Derivatives Trivial Case
Fi(q,Q,1) pi = % P = —251 Fi=%7,64Qi Qi=p P=-q
Fy(q, Pt) =3 QiPi pi = %gf Qi = 21@3 F=%" 4P Qi=q¢ P =p
Fs5(p, Q,t) + > 71 aips q; = *%5? P = *ggi Fy=%7 pQi Qi=-q Pi=-—p
Fy(p, Pt)+ 30 1(qipi — QiF;) | @ = ‘35;‘ Qi = ?ﬁ}; Fy=%.1pP Qi=p P=-q

11




6.2 Hamilton-Jacobi Equation

05, 03
dq ot

12



Part 111
Applications

7 Central Force Motion
7.1 Tow-body Problem

Reduced Mass : pu = _mma M =mq 4+ mao
my + My
e _py R TATLETRT
my + Mg
Lagrangian:
c=ture s b vy = B L v
2! “om T2t
As we know, P = cste, so the re-gauged Lagrangian
1
L' = 5‘”2 - V(r)

From the Noether’s Theorem: A central force produces no torque about the center, and the space is isotropic, so the
angular momentum about the center is conserved. That is

L =17r x p=cste

Since in this case L is fixed, it follows that the motion is at all time confine to the aforementioned plane.

1 1 .
L= —u?-V(r)= §u(f2 +726%) =V (r)

2
The momentum py is a first integral of motion and is seen to equal the magnitude of the angular momentum vector.
oL 94
pg = — = ur<f =cste=1
00

7.2 The Equations of Motion

w(i —rf?) = F(r) (1) (Radial equation)

ur?6 =1 (2) (Lateral equation)

1u(#? +720%) + V = E  (3) (Conservation of mechanical energy)
7.2.1 The First Way: Orbit Equation
WIth the equations (2) and (3), we get

1/r?)dr

/\/QME V(r e

T 2ur

+ cste

7.2.2 The Second Way: J.P.Binet Equation

d? /1 1 ;u"
2 [z -2 p
do? <T> + T [2 (r)

We now modify the equation by making the following change of variable

1
u= -
r

with the equations (1) and (2), we get

then we have the J.P.Binet Equation

d?u
1211/2 <d92 + ’U,> = —ILLF(T)

13



7.3 The Characteristics of Orbits

o Total energy

1 112

1
E=_p?+-—+V(r)= iur‘erVeﬂ(r)

2 2 pr?

« Rotation potential (centrifugal potential energy)

o Effective potential

172
2 pr?

c =

Ve = V(1) +

7.4 Planetary Motion - Kepler’s Problem

= F(r)d
2u7"2 / " +

1, kP
=—ur’+V (r Vylr)===+-—
2~ () E / ! r 2 e>1 E>0 Hyperbola
1? e=1 E=0 Pararbola
o\ \2
eff
| Parabola | /1 r 0<e<l | Vain<E<O Ellipse
ol
[ circle |
T e=0 E=Vin Circle
Orbit Equation:
uk 2E12
; C( +5COSH> CZZT E = 1 W
1 pu 2E12
- l2<1+ 1+ 12 cosQ)
Orbit parameter:
k 2
4= ——— - /_
2F 2uF
Period of rotation:
T =27 Ea%
\V &
7.4.1 Stable Circular Orbits
1. Vemr )
d‘/cﬁ‘ d V;:ff
=0 >0
d,r T=T0o dTQ T=To
2. linearization (r = rg + x)
1 d®Veg(r) —0
m  dr? T
To
1 dQfo( )
2 e
= 0
“r =T a2

14




7.5 Scattering

e Force field

k q192
F = — =
(r) 72 47eg
e Orbit Equation:
1 uk 2E1?
;7C(fl+sc0s9) 07172 e=4/1+ e
1 pk 2E1?
;:liz <_1+ ].+ ‘LLk2 COS€>
e The angle of scattering:
0 2Eb
O=m—(02—01) cot;:T
« Differential Cross Section: , AN
o(©) == where I' = el
b db
o(8) = - sin© dO

- /a(@)dQ - /Ow 270(0) sin 04O

8 Dynamics of Rigid Bodies

8.1 The Inertia Tensor and The Kinetic Energy

I= /r2dm

Inertia tensor I

J@W*+2%)dm - [aydm — [zzdm
I=| —[aydm  [(z*+2%)dm — [yzdm
— [zzdm — [yzdm  [(z® 4+ y?)dm

The principal Axes of inertia
L 0 0
I=(0 I O
0 0 I3
L=1w

1
T=-wll
2w w

1
T = §(Ilwf + Lw? + I3w§)

15




8.2 Euler Angles

@',y 2") x
1 Rotate by ¢ around 2z’ axis
({, m, C) Dz
J  Rotate by 6 around ¢ axis
&,n'.¢) CDz
1 Rotate by 1 around ¢ axis
(z,y,2) Az = BCDz
cos¢ sing 0 1 0 0 cosy siny O
D= |—sing cos¢ O C=1|0 cosf sinf B=|—sinyY cosy 0
0 0 1 0 —sinf cosé 0 0 1
cos 1 cos ¢ — cos B sin ¢ sin Y cosYsing + cosfcospsiny  sinysinf
A = |—sinycos¢ —cosfsingcosyy —sinysineg + cosfcos@cosy cossinb
sin 0 sin ¢ —sin 6 cos ¢ cosf

In Inertia principal axes system

(w1 sin ) sin @ coS 1 0] [$sinfsiny + 6 cos )
wo| = |costsing| ¢+ |—siny| 0+ |0 = dsinbcostp — fsiny

w3 cos @ 0 1] beos +

[w, 0 cos ¢ sinfsin¢ | [0 cos ¢ + 1) sin O sin ¢ ]
wy| =10 b+ |sing| O+ |—sinfcoso| ¢ = f'sin ¢ — 1 sin 6 cos ¢
W 1 0 cos | i & + ) cos b

T:%@ﬁ+5@+g@)
1 . ) . 2 1 - . | . N 2
:511 (¢sm9s1nw+9cosw) —1—512 <¢sm9005w—¢sm1/)) +§Ig <¢0059+¢)
e In Inertia principal axes system
1 Y P 2 ] g N 5o 2
L—T—V—§I1 (qﬁsm sinvy + cosdz) +§Ig (qﬁsm cosw—qbsmw) —|—§I3 ((;Scos +1/)) -V
e Ifh =1,
1 o . o . 1 . .
Lzah@sm0+0)+§&@mw+w)—V

=L =T =1 1
L::§J(¢2+é?+¢2+2¢¢cwe)-V

8.3 Euler’s Equations
L=M+Lxw

In Inertia principal axes system
Ly = My + (Is — I3) wows
Iy = My + (I3 — It) waw:
I3z = M3 + (I — I2) wiws

8.4 Lagrangian Method for Rigid Dynamics
e Asymmetrical top: I # Iz # I3
e Symmetrical top: I} = Iy # I3

e Spherical top: I} = I, = I3
e Rotator: [y =1, #0 I3=0

16



8.4.1 Rotationanl Kinetic Energy of a Symmetric Top

The rotational kinetic energy for a symmetric top can be written as
1 2 2 Lo 1 12 02 2 1 P 2
Trot = 51’1 (wl —|—w2) + 5[3(4]3 = 51’1 (9 + ¢° sin 9) + 513 (7,/} + d)cos@)

L(97 9.7 lea dj) = Trot

SInce ¢ and 1) are ignorable coordinates, there canonical angular momenta

L . . .
p¢=;.5=11¢>sin29+13 (1/)+¢>c059:cste
oL I ¢
w = — = I3ws = cste
Py 90 3W3
oL .
Do o0 1

pe and 1) are constants of the motion. By inverting these relations, we obtain

(py — py cos @) cos b
I, sin? 0

: Do — pycost
¢ = T 9
I, sin“ 0

b= s —

8.4.2 Symmetric Top with One Fixed Point

We now consider the case of a spinning symmetric top of mass M and principal moments of intertia (I; = Iy # I3) with
one fixed point O moving in a gravitational field with constant acceleration g.

1 . . 1 . . 2
L= 511 (92 + ¢%sin? 9> + 5[3 <¢ + (;SCOSH) — Mgh cos 6
(py — py cos0)?
Vost(0) = ———————— + Mghcosf
(?) 21, sin® 0 gheos
8.4.3 Stability of the Sleeping Top

Let’s consider the case where a symmetric top with one fixed point is launched with initial conditions 6y # 0 and
0 = ¢ =0, with ¢ £ 0. In this case, the invariant canonical momenta are

py = I3t Py = Py cos by

9 Small Oscillations

9.1 frequency of oscillation

1 .. P,
Tzizkmijijziq Mg
J

1Z 2V 1 1 .
v 2 e (8%‘8%) G =75 ij Uikdide = 59 vd

Thereinto )
q1 q1 My -+ My, Vit - Vi

a=|: a=|: M=| V=
dn qn Mnl e Mnn ‘/71,1 e Vnn
We than get the Lagrangian

1 L. 1o e
L=T-V = B Zk(mijij — Vjkqiqr) = 5‘31 Mq - 5
Js

17



Using the Lagrangian Equation
oL _d (9L
Oqr,  dt \ Oy )

D (midiy + vjrg;) =0
i

We get

And they can be written in a matrix form:
Mg+ Vag=0

We suppose

q=Ae™? and A= (A,---,A)T

Then we get
(V—-w*M)A =0

In order to get a non-trivial solution to this equation, the determinant of the quantity in parentheses must vanish
det(V —w?M) =0

This determinant is called the characteristic or secular equation and is an equation of degree n in w?. The corre-
sponding n roots w? are the characteristic frequencies or eigenfrequencies. The eigenvector A, = (A1, -+, Ap,)T
associated with a given root w,. We can write the generalized coordinate g; as a linear combination of the solutions for
each root

q= Z A, ellwrt=0r) or q= Z A, ¢, cos(wpt — ;)

9.2 Normal Coordinates

X, = ¢ cos(wy — 6y)

1 .
L=>Y" §mT(Xf —w?X,)

q= Z ATX’I'

or
q=A'X
All o Aln Xl
A= . X=1":
Anl Ann Xn
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