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1 VECTOR SPACES AND TENSORS

1 Vector Spaces and Tensors

1.1 vector spaces
1.1.1 Definition of a Vector Space

Definition. A real (complex) vector space is a set V - whose elements are called vectors
- together with two operations called addition (+) and scalar multiplication such that

1. Vis closed under addition: Vu,v € V= u+v € V.

2. V is closed under scalar multiplication: Yu € V and V scalar A = Au € V.

Example.
(1) 3 component real column vectors

R3 = a,b,c € R

o o

(2) 2 component complex vectors

“=10)

x,yeC}

1.1.2 Linear Independence

Definition. A set of n non-zero vectors {uy,us,--- ,u,} in a vector space is linearly
independent if

Z au; =0 = a; =0 Vi
=1
Otherwise we say {uy,us, - ,u,} is linearly dependent.

Let N be the maximum number of linearly independent vectors in V, then N is the
dimension of V.

Definition. A subspace, W, of a vector space V is a subset of V that is itself a vector
space.

1.1.3 Basis Vectors

Any set of n linearly independent vectors {u;} in an n-dimension vector space V is
a basis for V. Any vector v in V can be represented as a linear combination of the
basis vectors

n

vV = ZCLZ‘UZ‘ (1)

i=1
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1.1.4 Inner Product and Orthogonality

Definition. An inner product on a real vector space V, is a real number (u,v) for
every pair of vectors u and v. The inner product has the following properties

1. {u,v) = (v,u)

2. (u,av; + bvy) = a{u,vq) + b{u, vy)

3. (v,v) >0

4. Define ||v|| = \/(v,v). Then |[v|| =0 = v =0

Definition. An inner product on a complex space V, is a real number (u,v) for every
ordered pair of vectors u and v. The inner product has the following properties

1. (u,v) = (v, u)*

2. (u,avy + bvy) = a(u, vy) + b{u, vy)
(au) + bug, v) = a* (v, u)* + b* (v, u9)* = a*(u1,v) + b*(us, v)

3. (v,v) >0
4. Define ||v|| = \/(v,v). Then ||v||=0 = v=0

Example.

(1) For R3, the inner product of (a,b, c¢) and (d, e, f)

a d
< bl,|e >:ad+be—|—cf
c f

(2) For C?, the inner product of (a,b) and (c, d)
(6): (&) =rem o

Definition. The norm of a vector is defines as ||v|| = \/ (v, v).

~\

2)

Two vectors are said to be orthogonal if their inner product is zero, i.e.
(u,v) =0 (4)
A set of vectors {ey, - ,e,} is orthonormal if

0, i#7J

1, 1=y )

(€i,e;) = dij = {

where §;; is named as Kronecker delta.
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1.2 Matrices
1.2.1 Summation Convention
Example.

Cij =Y AuByj = AixBy; (6)
k

This shorthand is known as the Einstein summation convention. In the example (1),
k is called a dummy index, and i and j are called as free indices.

There are three basic rules to index (suffix) notation:

1. In any one term of an expression, indices may appear only once, twice or not
at all.

2. An index that appears only once on one side of an expression must also appear
once on the other side. It is called a free index.

3. An index that appears twice is summed over. It is called a dummy index.

1.2.2 Levi-Civita Symbol

The Levi-Civita symbol has three indices and is defined as

1, (1,7,k) = (1,2,3),(2,3,1),(3,1,2)
e =41 (5,5,k) =(3,2,1),(2,1,3),(1,3,2) (7)
0, otherwise

The alternating tensor can be used to write 3-d Euclidean vector (cross) products:

c=axb & ¢ =c¢yaby (8)

A useful identity involving the contraction of two alternating tensors is

€ijkEkim = 0i10jm — Oim0ji %)

Example. Prove the vector identity a x (b x ¢) = (a - ¢)b — (a - b)c.

la x (b x )], = gira;(b X ¢)r = €ijxajEpimbicm
= (6il5jm — 5im5jl)ajblcm = (Clej)bi - (ajbj)cz’ (10)
= [(a-c)b—(a-b)c|;




1.2 Matrices 1 VECTOR SPACES AND TENSORS

1.2.3 Recall Special Square Matrices
* Unit matrix 1. 1;; = J;;.
¢ Unitary matrix. U is unitary if UUT = UTU = 1
* Symmetric and anti-symmetric matrices.
— S is symmetric, if ST = S o, alternatively, S;; = Sj;.

— A is anti-symmetric if AT = — A or, alternatively, A;; = —Aj;.

Hermitian and anti-Hermitian matrices.

- H is Hermitian if H' = H or, alternatively, H;; = H,.

- Ais anti-Hermitian if AT = —A or, alternatively, A;; = —A3,.

Orthogonal matrix. R is orthogonal, if it satisfies

R'R=RR"=1 & R'=R"' (11)
1.2.4 Eigenvalues, Eigenvectors and Diagonalization
An eigenvalue equation takes the form

where A;; are the components of an n x n matrix A, and z is an eigenvector with
corresponding eigenvalue \. Rearranging the eigenvalue equation gives

(Aij - /\5U)(L'J =0 (13)

which has non-trivial solutions (x # 0) if

det(A — A1) =0 (14)
If A is Hermitian, then A is real. There are n of them {\;,--- ,\,}, for each one
there exists
Aijega) = )\aega) (15)
The eigenvectors {e(®} form an n x n matrix M = (e e® ... e™). M is unitary
and
A 0
MIAM = (16)
0 An
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1.3 Transformations under Rotations

The two sets of components of x are related by an orthogonal matrix L. and the
determinant det(L) = 1

Recall that orthogonality means
LijLiy, = LjiLi; = 0ji, (18)

The set of all such matrices forms SO(3) group. Under such a rotation/coordinate
transformation, the basis transforms according to

e’ — Lije(j) o e = Ljie'(j) (19)
Definition.

1. A scalar ¢(z) transforms under a rotation

¢(x) = ¢/ (z') = ¢(x) (20)
2. Avector v;(z) transforms under a rotation
vi(z) = vi(2") = Lijvi(x) (21)

3. A rank 2 tensor transforms under a rotation

Tij(zx) — Tj;(2") = LaLjmTim(z) (22)
For higher rank tensor;
Tij..(@") = LipLjq Ly -+ Tqr...(x) (23)

this equation also gives the definition of a tensor.

1.4 Tensor Calculus

First we define the three direction derivatives

V(5o ) (24)

Oz, Oxy’ Oy
here 0/0x; = 0; = V..

* The gradient of ¢ is a vector if ¢ is a scalar.

(Vo) = 0;¢ (25)
The gradient transforms under rotations
o ., n_ 0 _ Oz, 0 .
0ip(x) — ax;¢ () = 8x;¢<x> = ! Ox, (x) = Liy0po(x) (26)

where L,, = 0,/0..
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* The divergence of F is a scalar.

¢ The curl of F' is a vector.

(V X F)z = 5Z-jk8ij (28)




2 GREEN FUNCTIONS

2 Green Functions

2.1 Introduction

Green functions are an invaluable tool for the solution of inhomogeneous differential
equations. Here we consider the second-order linear ordinary differential equation
(ODE) with some boundary conditions. £ is a linear second order differential oper-

ator, and

d d

Laly(@)] = |55 +p(@) - +al@) | y(2) = f(2) (29)

The range of the parameter x is © € |[«, 3] where o might be finite or —oo and
£ might be finite or +oo. f(z) is a known function. If f(z) = 0, the ordinary is
homogeneous; while when f(x) # 0, the equation is inhomogeneous.

2.2 Variation of Parameters

Suppose that we know y, (x), y2(z) are solutions of £, [y(x)] = 0, and they are linearly
independent. Then

y(x) = ay(x) + bys(2) (30)
is a set of L,[y(z)] = 0 for any constant « and b, and
y(@) = ay1(z) + bya(x) + yo(x) (31)

is a solution of L,[y(z)] = f(z). yo is called particular integral, and is any solution
of Lo[y(x)] = f(x).

Ansatz. We assume that the particular integral of ODE is given by
yo(x) = w(@)ys () + v(x)ya(2) (32)

If u(z) and v(z) are constants, then y,(x) just a solution of the homogeneous equa-
tion. To simplify the calculation, therefore, we will vary these parameters subject to
the constraint

Wy +0'ys =0 (33)

Rewrite the ODE
L. [yo(x)] =u"y1 + 2u'y; + uy! + v"ys + 20"y + vy
+ p(u'yr + uy; + 0'ys + vyh) + q(ugr + vys)
=u(y) +pyy +qu1) +o(yy + pys + qu2)

(34)
+ u"y1 + 20"y 4+ V" ys 4+ 20"y, + p(u'yr 4+ V')
=u"y; + 2u'y] + v"ys + 20"y}
ity 0= ]
gives
uyy Fu'yy = f (35)

10



2.2 Variation of Parameters 2 GREEN FUNCTIONS

So we have
{u/y1 +v'yy =0 N (yll y?) (U:) - M (uj) — (O) (36)
u'yy +0'yy = f it/ Y ‘ I
Do ()il 7))
(v’) M (f) W(x) (—yi Y f 7

where W (z) is the Wronskian, and

then

W(z) = det(M) = 195 — vy, (38)
So the solutions are
MR RO TG 39)

2.2.1 Homogeneous Initial Conditions

The boundary conditions y(«) = 3/(«) = 0 are called homogeneous initial conditions.
Integrating eqn.(39) gives

u(z) = — /I dj%{()j)7 v(x) = /m df% (40)

satisfies yo () = y{ () = 0.

* T)y2() — y2(2)yi () L, 6~
m@ZAdﬂﬂw(%%(m<”@+Ldmo

5 (42)
= / G(z,7)f(z)dz
where we have defined the Green Function
_ 0, r <
Glo, 1) = {y1(f)y2(2€/€/—(§/)2(f)y1(90) > i (43)

2.2.2 Inhomogeneous Initial Conditions

Consider more general initial conditions of the form y(a) = ¢;, ¥'(a) = ¢o. Choose a
function g(z) s.t. g(a) = ¢; and ¢'(«) = co. Define

Y(z) = y(z) — g(x) (44)
which satisfies Y (a) = Y’'(«) = 0, and
LY (x) = f(z) — Log(x) = f(z) — " (x) = p(z)g'(x) — q(z)g(x) (45)
Then we can solve for Y as before and that will give us y(x) = Y (z) + g(x).

11
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1 1 1

(0% T ﬁ

Figure 1: The range of variable x in the problem is = € [a, 3].

2.2.3 Homogeneous Two-Point Boundary Conditions

Consider homogeneous two-point boundary conditions y(«) = y(5) = 0. A solution
to ODE satisfies y(«) = 0 is

o) = [ apt R O pa) (o) ) 40
We choose y; (o) = y2(3) = 0. Setting y(«) = 0 gives
yla) =bys() =0 = b=0 “47)
Similarly, setting y(5) = 0 gives
B T 2\ T
v = [[ D ) =0 = a= [l e

which may be substituted into the solution eqn.(46) to give

T n(@)ye(z) — (@) |, - P (@) (x) .
o) = [ B )+ [ a0 p(s)

_ [T @) o (7 w(@n(e)
= [ O [y )

- /a ’ d7G(x, 7) £ (%)

where we have defined the Green Function

y1(&)y2(x) < 5
Gl )= el o (50
e o r<I<f

2.3 Properties of Green Functions

Consider G(z, ) as a function of x at a fixed value of & € |«, 5], which has several
properties

1. When x # %
L.G(x,2)] =0 (51)
2. G(z,7) is continuous at x = T
lim G(z,%) = lim G(z,7) (52)
=T T4

3. 2G(z, %) has a unit discontinuity at z = &

lim 0G(z, ) 4 fim 0G(z, )

=iy Ox =i Ox

(53)

12
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2.4 Green Function More Generally

Let G(x, %) be a function that satisfies

L.[G(z,7)] = 6(x — ) (54)

d(z) is the Dirac delta-function which satisfies
1. §(z) =0 when x # 0
2. 0(z) =6(—x)
0, zo ¢ [a,b]
f(xo), w0 € [a,b]

G(z, ) is called a Green function for the differential operator £,. If G(x, Z) satisfies
eqn.(54), then so does G(z, %) + Y (z), where L,[Y (z)] = 0. If we impose 2 bound-
ary conditions on the Green function then it becomes unique for those boundary
conditions.

o ot sioyis -

Now define

B8
ywwz/‘wGu@vw> (55)

is a solution of £,[y(x)] = f(z), which can be verified by operating on both sides
with £, i.e.

B8 B
Ll = [ deLiGle,2)f(5) = [ dide-D)f@) = f@)  66)

f(z) is a “linear combination” of delta-function spikes at each x = 7 with coefficient
f(z). So y is a continuous linear combination of G(z, ¥) responses

B
wie) = [ diGle. )@ (57)
This is called linear response.

2.4.1 Homogeneous Initial Conditions

The boundary conditions are y(«) = 3/(«) = 0. If G(a, ) = G'(«, ) = 0, then

B
y(z) = / A2 Gz, 7) f(7) (58)

is the solution of the ode and satisfies the boundary conditions. Now, let’s look for
the Green function with the right boundary conditions.

13
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1. For v < %, L,|G(z,%)] = 0. G(z,Z) = 0 is a solution of the homogeneous
equation that satisfies the boundary conditions that G(«, Z) = G'(a, ) = 0. So

forz <z

G(z,z) =0

(59)

2. For x > %, L,[G(z,%)] = 0. G(z,Z) equals some linear combination of y,(z)

and ys(z)
Gz, T) = A@)y1(x) + B()y2(x)

We can find A and B by using the properties of G:
(i) G iscontinuous atz = &
A(@)yi(7) + B(2)y2(2) = 0
(i) G’ has a unit discontinuity at x = &
A(@)yy (%) + B(Z)yy(T) = 1

The solution is

@ NG
A =—fra B =
where W is the Wronskian of y; and s.

So we have

0 T <
G(x, ) = { (@) v (E () i
Y1 Y2 W(g)Z Y1 , T > 7

which agrees with that calculated before.

2.4.2 Homogeneous Two-Point Boundary Conditions

(60)

(61)

(62)

(63)

(64)

The boundary conditions are y(«) = y(f) = 0. The Green Function should satisfies

G(a,7) = G(8,&) =0

(65)

We assume y; and y, are linear independent solutions of homogeneous equation,

and we choose y;(a) = y2(5) = 0.

B(Z)ya(x), a<zx<Z
C(Z)y(x) + D(2)y
7)

T 2
D), F<v<p

1. Boundary conditions: G(«a,#) = G(3,%) =0

ATy () + B(Z)yz(a) = B(T)ya(@) =0 = B(Z) =0
C@)y(B) + D(@)y2(8) = C(2)pa(B) =0 = C(7) =0

so we have

Gz, i) = {A(f)yl(iﬂ), a<r<7

D(Z)ys(z), T<z<fp

(66)

14
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2. Continuity of G and unit discontinuity of G’ at z = %

A(@)y1(Z) — D(2)y2(2) =0 (70)
A@)yy(T) — D(@)ys(T) = 1 (71)
so we have ) @)
AF) = é’;é), D(7) = é’;é) (72)
The final result o)
B BEAE a<r<I
el = {—(Z)E;” P<u<f 73)

which agrees with that calculated before.

2.4.3 Higher Dimensions, More Variables

Consider a second order linear differential operator £ on function y(z1, 2, x3)

Lly] = f(x1, 22, 23) (74)
and
L[G(x, &) = 6O (x — &) = §(x1 — §1)0(2y — )0 (x5 — T3) (75)
Let R be a three-dimension region in three-dimension Euclidean space
R
409 (@ — &) f(&) = ¢ | ) TE 76
[ @@ - a)1(@) {0’ e 76

Example. The most famous example is
L=—+"—+-—=V (77)

and the Green function satisfies
V3G (z, &) = d(x — x) (78)

Consider the Poisson equation for the scalar gravitational potential ¢(x) in terms of
the scalar mass density p(x)

V2ig(x) = 2rGp (79)
The Green function for the Poisson equation that satisfying the boundary condition

G(xz,&) — 0as |x| — oo is

1

Gl ) = — 3

(80)
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3 HILBERT SPACE AND STURM-LIOUVILLE THEORY

3 Hilbert Space and Sturm-Liouville Theory

3.1 Hilbert Space

Definition. A Hilbert space is an infinite dimensional complex vector space with inner
product (-, -) and a infinite countable orthonormal basis {uy, us, us, - - }.

The Hilbert space we will look at in this chapter will be a vector space of complex
function of a real variable = € [a, b] with

1. an inner product

b

(19) = | £ @glo)is (81)

Functions f(z) and g(x) are orthogonal if (f,g) = 0. The norm of f is given
by |fll = v/{7. /), and f(z) may be normalised in f — f/|| . If (4:,y,) — oy,

then the set of {y1, ¥, y3, - - - } is orthogonal.

2. Let {y1,v2,¥s3, - } be an orthogonal basis, then any function f(z) € H can be
expanded

flx) = Zfi%(@» fieC (82)
i—1

and we have
fi = (i), f(2)) (83)
3.2 Sturm-Liouville Theory
The theory of inhomogeneous differential equations of form Ly(z) = f(z) on x €
[a, b], where L is second order, linear and self-adjoint.
3.2.1 Self-Adjoint Differential Operators

Consider the differential operator

4
dx

d

)| + o) (84

L= dx

where p(z) and o(z) are real valued and defined on = € [a,b] and p(z) > 0 on
x € (a,b). Such an operator is said to be in self-adjoint form®.

d ([ dy e
Ly = 4 (pa) +oy=—(py") + oy (85)

!Being in self-adjoint form does not mean that a differential operator is self-adjoint, that depend
on the operator and the specific Hilbert space.

16



3.2 Sturm-Liouville Theory3 HILBERT SPACE AND STURM-LIOUVILLE THEORY

Definition. A second order linear differential operator L is self-adjoint on Hilbert space
Hif 2

(u, Lv) = (v, Lu)*, Vu,v € H (86)

Consider £ as in self-adjoint form,
b
(u, Lv) :/ u* [—(pv) + ov] dx
* /b ’ */ / *
=—u pv‘a—l—/ (u*'pv" + uov) da

b
=— u*pv"z + u*’pv‘z + / (—(u*'p)'v+ uov) dz

(87)
=(—u*pv’ + u*’pv)|f1 + /b (—(up) + uo) vdz
=(—u*pv’ + u*'pv)|(b1 + [/b (—(u'p) + uo)v'da *
=(—u"pv’ + u*'pv)|z + (v, Lu)*
L is self-adjoint on H if
p (u*/v — u*v/) |Z =0 (88)

3.2.2 Weight Functions

Any second order linear differential operator can be put into self-adjoint form. Con-
sider the most general operator

L=—— (A(m)%) — B(w)% + C(x) (89)

where A, B, C are real and A(z) > 0 for = € [a, b].

Claim that there exists a function w(z) > 0 such that w£ can be written in self-adjoint
form, i.e.

w(z) [-(Ay') = By + Cyl = —(py) + oy (90)
rearranging this
—w(Ay') — Bwy' + Cwy = —(py') + oy (91
so we have
Awy// — pyll
Awy' — Bwy' = p'y/ (92)
Cwy = oy

*Compare with the definition of a Hermitian matrix M : M;; = M.
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3.2 Sturm-Liouville Theory3 HILBERT SPACE AND STURM-LIOUVILLE THEORY

then , g
w A
We choose w(x) such that
B *B(z) .
w(x) = exp {/a A dx} (94)

where w(a) = 1.
Definition. The inner product with weight w € R

b
(f, 9hw = {f,wg) = / 7 (@)w(@)g(z)dz (95)

3.2.3 Eigenfunctions and Eigenvalues

Consider the inhomogeneous eigenfunction equation
Ly =)y (96)

we may define an operator in self-adjoint form £ = w£ and eigenfunction equation

becomes
7

A solution is called an eigenfunction of £ with eigenvalue A\ and weight w(z). We
claim that

1. The eigenvalues )\ are real.

2. The eigenfunctions y with distinct eigenvalues are orthogonal.

Proof. Consider two eigenfunctions, y; and y; of £ with eigenvalues ); and Aj Te-
spectively. They are also eigenfunctions of £ with eigenvalues \; and \; and weight
w. Then we have

<yi7£yj> :<yj7£yi>* = /\f@jawyﬁ* = /\f<yz‘awyj> = )‘;'k<yi7yj>w

(98)
:)\j <y27 wy]) = )\j <y27 yj>’w
Compare the two expressions at the end of each line, we find

(A7 = A Wi Yj)w = 0 (99)

* For i = j we have
(A7 = A)llwlls, =0 (100)
so, if we have non-zero eigenfunctions, then A\f = \;, i.e., the eigenvalues are

real.

* For ¢ # j we have

(Ai = X)) Wis Yj)w =0 (101)

so, if we are considering distinct eigenvalues, then (y;, y;)., = 0, i.e., the eigen-
functions are orthogonal with weight w(x).
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3.2.4 Eigenfunction Expansions

The eigenvalues of a self-adjoint operator with w form a discrete, infinite sequence
A1, A2, Ag, - -+ such that |\,| — oo as n — oo, and that the corresponding eigenfunc-
tions with weight w, y1,y2,y3 - - - form a complete orthonormal basis for functions on
[a, b] in the Hilbert space. So any function f € H can be expanded as

=Y favn(), fa€C (102)

where

b
fo = (ynl@), F(2)) = / i (@)w(@) f () dz (103)

Substituting into the expansion we find

=3 [ @@ (@)

:/ dz [w(f)zyn(x)y;(j)] f(7) (104)
—/ dzo(x — ) f(2)

where

0w — &) = w(®) > ynlz)y (%) (105)

Let u € H, consider the expression

/ lu|Pwdr =(u, u)., Zunfn Zumfm

(106)
:Zunum fmfm w Zu um nm Z’unP
which is Parseval’s identity in the case with a weight function w(z)
= Junl? (107)

3.2.5 Green Functions Revisited

If {y, } are a set of orthonormal eigenfunctions of self-adjoint operator £ with weight
w with corresponding eigenvalues {\,}, then the Green function for £ is given by

P =Y BEBE (108)
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Proof. . *
L.[G(z,7)] = x[yn(;fj}yn(w)
= w(@)yn ()i (@)
. (109)
= [w(rff) Zyn<m>y:;<x>]
=i(x — T)
0

3.2.6 Eigenfunction Expansions for Solving ODEs

As an example, consider the differential equation
Ly—vy=Ff (110)

with some boundary conditions. £ is a self-adjoint operator with weight function
w = 1 and {y, } are eigenfunctions. Suppose £ has eigenvalues )\,,, and correspond-
ing eigenfunctions {y, }, satisfying the same boundary conditions. Let

=D aya(),  f(2) =) fayal2) (111)

Substituting into the original equation, we find

Ezanyn_yzanyn:Z( ApAn Van Yn anyn (112)

n

So that £
ay, = Wp—r (A # V) (113)
so that the solution is given by
. In (Yn, f)
yw) = 3 Vyncv) e

Yn (@
/ Z A L f @) (114)

hence the Green function of the problem as

yn
Z A - (115)

Note that if v = ), for any n, then there is no Green function.
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3.3 Legendre Polynomials 3 HILBERT SPACE AND STURM-LIOUVILLE THEORY

3.3 Legendre Polynomials
3.3.1 Examples

Example. The two examples differ only by boundary conditions.

(1) Let
d2
L= —@, T e [0,27TR] (116)
with boundary conditions y(0) = y(27R) = 0. Then the eigenfunction equation
becomes
and the eigenfunctions and the corresponding eigenvalues are
: n n \2
Yp = Sin <ﬁx> , Ap = (ﬁ) , n=12,3,--- (118)
(2) Let
d2
L= —@, S [O,Qﬂ'R] (119)

with boundary conditions y(0) = y(27rR) and ¢/'(0) = ¢'(27R).

and the eigenfunctions and the corresponding eigenvalues are

Y = exp(z’%x), A = (%)2, mez (121)

When m = 0, there’s the extra ‘zero mode’ of y, is a constant with eigenvalue 0.

3.3.2 Legendre’s Equation

Legendre’s equation
(1—a2*)y" — 22y +1(l+1)y=0 with z¢€[-1,1] (122)

arises is a number of contexts in science, for example in the solution of Laplace’s
equation in spherical coordinates. This equation can be put into the form of a self-
adjoint eigenvalue problem with p=1— 22,0 =0, w=1and A = I(l + 1).

~ -] =10+ 1)y (123)

or
Ly=I11l+1)y (124)
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3.4 Spherical Harmonics 3 HILBERT SPACE AND STURM-LIOUVILLE THEORY

where
d

L= d {(1 - :c2)—} (125)

Cdx dx

is self-adjoint on a Hilbert space of functions that are finite at +1. Assume that
eigenfunctions of eqn.(123) are polynomials

Yn(2) = 2" + ap_12" P+ Farw +ag (126)

Substituting the polynomial solution y, into eqn.(123), then thinking about equation
coefficients of partial of z. The highest power n satisfies the relation

nn+1)=A (127)

So eigenvalues take form
A=1l+1), 1eN (128)

and can label eigenfunctions by [
e [=0,y0(z) =1
e [=1y(x) =2+ ag
* [ =2, p(x) =2+ a1z +ag

They are orthogonal with each other

1
/ i (x)yr (z) = o (129)

1

3.4 Spherical Harmonics

Laplace’s equation in spherical coordinates is given by

V2f(r,0,¢) = L9 (Qa—f) + L 9 (sin@a—f> + L of (130)

2or \" ar 72 sin 6 00 00 r2sin98752
Ansatz
f(r,8,0) = r'e™?O(8) (131)
where [ € N and m € Z, then Laplace’s equation becomes
, imé doe ) ,
imep € el : i 2_imo —
[(I+1)e"™?O(0) + iy, (Smed0> g e (132)
Rearrange this, we have
sinf d d
sin201(1 + 1) + “g = (smed—?) = m’ (133)

Let u = cos# and ©(0) = P(u), where u € [—1, 1], we have

d d du .. d
@—@@——Slnea (134)
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Then the equation becomes self-adjoint form

2

_[(1 _ u?)Pl]/ + 0

P=1(+1)P (135)

withp=1—-1u? 0 = %, w = 1and A = [(l + 1). Now the differential operators
depend on m, and there will be a different set of indefinite solutions for each m. This
can show that we get non-singular solutions if [ € N and m € [—[,[|. The solutions
are called associated Legendre polynomials P"(u), which is a basis set for functions
of u on [—1, 1]. Check the orthogonality

L o o 2(L+m)!

Similarly, the equation can be expressed as

m2

—[(1=w?)P) =1+ 1)P = —= — (137)
with p =1 —u?, 0 = —I(l + 1) and w = . This shows that
1 m m’ |
[ renr,, oty o)
1 1 —u? m(l —m)
Finally we get
20 +1(1—m)! |
Ym — _1 m Pm imae < < 1
! ( )\/47r <l+m)!l(cose)e . leN, —l<m<]I (139)

they are solutions of V?Y;™ = 0, and form an orthogonal basis of function on S?

2 T
Sy B — / / Y (0, )Y (8, 6) sin 0d6dgs (140)
0 0

So any function f can be expressed as

l
F0.0)=>">" fmY™(0,9) (141)

I m=-—Il

where

Fom = / Ym0 (142)
SQ
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4 INTEGRAL TRANSFORMS

4 Integral Transforms

4.1 Fourier Series

Consider f(z) has a period of 27 R, we can express f(z) as

o0

f@) =" faalx), fa€C (143)

n=—oo

We choose the Fourier basis

1 )

with the orthogonality
27R
0

We choose = € [-7R, 7R], then

TR
tnz/ i (@) fo)da

—7R

1 B
= —27r Re_’m/Rf(x)da: (146)

—zkn:p
/_27r f(x)dz

here k, = n/R, © € (—o00,00). Let R — oo and k, take the real continuous values
from —oo to oo, we define that

f(k e " f(x) (147)

=7l

[ satisfies [*_|f|dx is finite. f(k) is the Fourier transform of f(z).

4.2 Fourier Transforms
4.2.1 Definition and Notation

Definition. The Fourier transform is defined as

_L 00 —ikx
k) = <= /_ ) (148)

The inverse Fourier transform is defined as
1 . ,
= — k)e*rdk 149
fla) == [ Ftige (149)

In other words, this operation on f (k) is the inverse Fourier transform and we can
define

FUFfl=f = F'F=1 (150)
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4.2.2 Dirac Delta-Function

(151)

where we have defined the Dirac delta-function

1 [~ . /
é(x—1') = 2—/ ekE@=T) (152)
™ —0o0

4.2.3 Properties of the Fourier Transform

1. If f(z) is a real function, i.e., [f(z)]" = f(z), then

F(k) = %27 / e~iR2 () = F(—k) (153)

If f(x) is an even function f(—x) = f(x), then f(z) is a pure real function.

Proof. Define y = —z, then

fr(k

e M f(—y)d(~y) e M f(y)dy = f(k) (154)

=5 L “v ).
U

If f(z) is an off function f(—z) = —f(x), then f(x) is a pure imaging function.
Proof. Define y = —x, then

1

e f(~y)d(-y) = - Nraa _’kyf() —f(k)  (155)

fr(k

g

=l

2. Differentiation )
FIf™ ()] = (ik)" f (k) (156)

Proof. Consider the first order derivative

Flf'(x)] dze™ = f'(2)

/.

1 —ikx

:\/—2—7T [f(x)e ]
—ikf (k)

Repeat the process so we can prove the relation. [

- \/ﬁ/ dz f(x)(—ik)e
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3. Multiplication by =

Flef(e)] = i~ f(k)
Farsto) = (i) it

4. Rigid shift of coordinate
Flf(x —a)] = e f(k)

Proof. Define y = x — a, then

Flf (o - a) 7 = e ade
\/% / 7zka —ik(z— a)f( a)d(a: . CL)
e [T ey = e

g

4.2.4 Parseval’s Theorem

Parseval’s theorem for Fourier transforms states that

[ it@pae = [ 1w

Proof.
I 2dm-/°°f<a:>
V dk/ Ak’ f(k Jeilk=k)z }dx
- / dk / k' f (k) f (k) {% / Z oilk—K) xdx]
//f 5(k — K')dkdk’
[ i - /_Z|f<k>|2dk
0

(158)

(159)

(160)

(161)

(162)

(163)
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4.2.5 Convolution Theorem

Theorem. _
= /OO f)g(x —y)dy (164)
is the convolution of f and g. We claim that
1. frg=gxf
2. fx0=f

The convolution theorem can be stated in two, equivalent forms.

(1) The Fourier transform of a convolution is the product of the Fourier transforms.

F(f*g) = V2rf(k)g(k) (165)
Proof.
F[f = g] :\/L_ /OO doe ™ /OO dyf(y)g(z —y)
[ [ d e g =) e
- / dye™ £(4)3(k) = v2r F (k)G (k)
]

(2) The Fourier tranform of a product is the convolution of the Fourier transforms.

- _
Flf(x)g(x)] = \/—Q—Wf(/f) * g(k) (167)
Proof.
Flf(z)g(x :\/%/OO dxe_ikwf(x)g(x)
1 - —ikx 1 - ipT L >~ eiq”“
Zﬁ/mdxe ‘ E/wdpe f(Mm/wdq 9(q)
:L o[ Ny, i > ro—ilk—p—q)z
= et |- [ ] o
m/ | et —p—a
:# [ it -
\/——f( ) x g(k)
O
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4.2.6 Examples of Fourier Transform

1. Constant function f(z) =1

f(k) = \/Lz_ﬂ /_ . e dy = 2rd(k)
2. Single frequency/wavenumber mode f(x) = eho®

f(k) = \/% /_ " ey = v/3ra(k — ko)

3. Dirac delta-function f(x) = d(x — x)

~ 1 ee . 1 ,
k)= — §(x — xp)e *dr = ——=e w0
== [ oo Vo
4. Gaussian function f(z) = We—ﬂﬁ/‘w2
£ 1 1 OO —x2 /402 —ikx
f(k) = 5 o (@)1 /_ e v /A0 gtk gy
1 1 & 72
:_27r @)/ /_ exp <—p — zkx) dz
:L ! N exp | —— (z 4 ik20)* — k*0?
2ron) /1 )P4
_ 1 1 —k202 k
= 5z @i - exp | ——— (v + ik20)”" |dx
11 e [ D\
- 4 — 2?4
2 o(2m)1/4 /_oo exp( 402" ) o
V 20 k252

1 |z|<a

5. Top-hat function f(z) = {O 2] >
| >a

1 . 1 1 .1
k) = e—zkxdx — _._e—zkx:|
) V27 /a V27 [ ik a

:\/g Smgm) _ a\/gsinc(ak)

(169)

(170)

(171)

(172)

(173)
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/() f (k)

(@) (b)

Figure 2: Top-hat function.

4.3 The Applications of Fourier Transforms in Physics
4.3.1 Diffraction Through an Aperture

The geometry for Fraunhofer diffraction see Fig.3(a). For small values of # we have
~ sinf ~ tan§ = <. The aperture function is given by a top-hat

1 a
ha) =10 ol <5 (174)
2] > 5
so we have L
h(k) = \/C;_sinc (%) (175)
T

The intensity I(k) of light observed in the diffraction pattern is the square of the
Fourier transform of the aperture function f(x)

2 X - a? ar X
I(z=X)= =—— ) = |h(k,)|* = —sinc? 1
(x ) <k:x )\D) |h(k)] 27rs1r1c (2)\D) (176)
A
aperture screen aperture screen

(@ (b)

Figure 3: Geometry for Fraunhofer diffraction. (a) Diffraction through an aperture. (b)
Double slit diffraction.
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4.3.2 Double Slit Diffraction

The aperture function is given by

h(z) = f(z)g(x) (177)
where
f(x)zé(x—%l) +5<x+g) (178)

and g(x) is single aperture function. And

f(k) :\/LQ_7T /: dze " {5 (x - g) +0 (:[; + g)}

1 —ikd/2 ikd/2 2 kd
=—— e +e ) =14/ —cos | —
V2T (

(179)
so we have ~
F(f+g9) =Varf(k)g(k)
2 kd a . ak

:\/ﬁ ; COS (7) \/%SIHC <7> (180)

—\/2 sinc % @

=\/ @ 5 ) cos|
and the intensity on the screen is given by

247 k kd
I(k) = “Lsinc’ (“-) cos? (—) (181)
s 2 2

4.3.3 Diffusion Equation

Consider an infinite, one-dimensional conducting bar. The flow of heat is determined

by the diffusion equation
00 020
5 D@ (182)
where 6 is the heat distribution. The boundary conditions on this problem is 8(+o0, t =
0) and (z,t = 0) = §(x).
0

aé(k, t) = D(ik)*0(k,t) = —DE*0(k, t) (183)

the solution is

Bk, £) = G(k, 0)e~ DW= Fl5(z)]e PRt — oDkt (184)
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So we have
1 & .
O(a,t) =5 /_ ) dkethre= DR
L T Dt (k-2 T dk
Top ) NP oDt) ~ 4Dt
. N (185)
:%exz/élDt/ e’thqu
1 T 2 & 2 T
R B /4Dt —ax — _
or \| Dt* ( /_ Ooe do a)
Hence the final result )
O(z,t) = N—_Dte—w?/wt (186)
s

4.4 Laplace Transforms

Laplace transforms is useful for initial value problem where f(¢) only exists for ¢ > 0.

CIH0)] = f(s) = / " dte 4 (1) (187)

where s is a complex variable and Re(s) > 0 is required for the convergence of the
integral.

4.4.1 Properties

(1)
LIf0)] = sf(s) — £(0)] (188)
Proof. -
Lifo] = [ deerio
0 o (189)
—e ()| + 8 / die~ () = s/(s) — 1(0)
[l

More generally

LIF™ ()] = s"f(s) = "1 F(0) =" 2f(0) — - = f"7(0) (190)
(2)
LI 7)) = (1)) 191)
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Proof.

n n

(U fo) =1 [t = - [ ar-ere s

0 (192)
= [ awe e = L)
0
O
Example. Consider the differential equation
f"+5f4+6f=0 (193)

with boundary conditions f/(0) = f(0) = 0. Apply the Laplace transform on the
equation, we have

2f(s) = £(0) = F/(0) + 5[sf(s) — F(0)] + 6 (s) = F(s)(s> + 55 +6) = é (194)

rearranging this, we have

~ 1 1 1 1
J(s) = S5+2)(513) 65 2542 3(s+3) (195)
50 1 1 1
_ a2t — 3t
f(t) = 5 3¢ + 3¢ (196)

4.4.2 Convolution Theorem for Laplace Transforms

A convolution of two functions f;(¢) and f(¢) is defined as
frefi= [ H@ORGE -t 197)

If f; and f, vanish for ¢t < 0, then

t
A G (198)
0
Theorem.
The convolution theorem for Laplace transforms
Llfr* fo) = fi(s) fa(s) (199)
Proof. . .
Ll = [t [ A@n - e
0 0
- > / / > —st Y
_/O dt fl(t)/t/ dte™* fo(t — t') e
= / dt'e™" f1(t) / dte ™ fo(t — 1)
0 4
=/1()f(s)
O
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5 COMPLEX ANALYSIS

5 Complex Analysis

5.1 Complex Functions of a Complex Variable
A complex number z = x + iy can be mapped to another complex number
w = f(z) = u(z,y) + iv(z,y) (201)

where u(z,y) and v(z, y) are real functions of the real variables = and y.

It is often useful to use the ‘polar representation’ of complex numbers where
z = re” (202)

where r = |z| = /22 + y? is called the modulus of z and 6§ = arg(z) is called the
argument of z. arg(z) can be made unambiguous by a choice of ‘branch’. We will
write the principal branch as Arg(z), which is values —7 < Arg(z) < 7.

Example.
(D) f(z) =z = Va2 + 92
1 _ 1 _ T .
(2) f(Z) = T v 1? Zm2_g|l_y2

3) fx)=2=(x+ iy)3 = (2% — 3zy?) + 1 322y — y3)
10

o rPexp(y)

(4) f(Z) — 21/3 — T1/3e(19+27r1n)/3 — 7,,1/3 exp(% + 27rz>

i

3

173

Complex functions defined as power series

2 ZS

z_ ZLE
e—1+z+2!+3!+ (203)

cosz=1——+——--- (204)

In(l4+z)=2——+4+—=—--- (lz| < 1) (205)

5.2 Continuity, Differentiability and Analyticity
5.2.1 Definitions

Definition. f(z) is continuous at z = z, if Ve > 0, there exists a § > 0, such that, if
|z — 20| < 0 then |f(z) — f(z0)] < e. We also say

lim f(z) = f(z0) (206)

Z—20
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Definition. f(z) is differentiable at =z = z, if 3F' € C such that

i 1) = £ ()

z—20 zZ— 2

we say f'(z) = (df/dz)| = F.

=F (207)

Definition. A subset D € C is open if for every z € D, there is an open disc centred at
z entirely contained in D.

Definition. A function f(z) is analytic at z, if f(z) is differentiable everywhere in an
open domain containing zo; if f(z) is NOT analytic at z, we say f(z) is singular at z.

Example. f(z) =z?and z = 2z + §2

K 2 .2
lim (20 +02)° — 2
52—0 0z

=2z (208)

f(z) = 2* is differentiable everywhere in C. So we say f(z) is analytic in C' and f(z)
is entire.

Example. f(z) =2 =2 —iyand z = 2, + 0z

lim (20 +02)" —z5 . 0Oz _ -2t (209)

62—0 0z 62—0 02

f(z) = z* is not differentiable anywhere so f(z) is not analytic in C.

Trick. If f(z) has an experience including z only if it will be analytic; If f(z) has an
experience including z*, then it wouldn’t be analytic.
5.2.2 The Cauchy-Riemann Conditions

In this section we ask: under what conditions is a complex function f(z) = u(z,y) +
iv(z,y) analytic in a domain D?

u du v
Oz’ Oy’ dx’ Oy

of df -

Let us assume that all exist in D, i.e., f(z) is analytic in D.

of dfo:

g azor T oy azay (210
which shows of o P P 9 P
. . u .O0v U .0V

e v Z(%“@)—(a—y“a—ﬂ (21D

Rearranging this, now we get the Cauchy-Riemann equations

ou  Ov ou ov
- —_— = 212
ox Oy’ dy Ox (212)
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Theorem.
f(2) is analytic if and only if Cauchy-Riemann equations hold in D.

Example. f(z) = 2? = (z +1iy)? = (2® — y*) + 2izy. In this function, v = z? — y? and

v = 2xy.
ou ou
) ] —~ =_9 213
ov ov
— =2 — =2 21

satisfy the C-R equations.

Example. f(z) =z = (z + 2*)/2. In this function, v = x and v = 0, so we have

ou ov
=142 = 21
ox 7 oy 0 (215)

C-R equations fail.

Example. f(z) = 2% +y? = zz* with u = 2? + y* and v = 0.

ou B ou ov B ov

% = 2z, =0 (216)

29 ==
oy v ox Oy
So f(z) satisfies C-R equations at z = y = 0 but nowhere else.
Theorem.

f(2) is analytic at z = z if and only if f(z) has a power series expansion around
z = zo that converges in an open neighhood of z.

f(Z) =Co+ Cl(Z — Zo) + CQ(Z — 20)2 +---= ch(z — Zo)k (217)
k=0

where ¢, = f*)(z,)/k!, in a neighbourhood of z, for every z; in D.

Example. List of analytic functions: e*, cos z, sin z, sinh z, cosh z, In(1 + z), ggj ; where
P and @) are polynomials in z (everywhere except at the zeros of ().
5.2.3 Harmonic Functions
Definition. g(x,y) is harmonic if V2g = 0.
Now we look at C-R equations
Pu_ ddu Jdd  Idd 9o Pu 218)

012~ drdx  Odxdy Oydx  Oydy  Oy?
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Hence o o
u u
—+ - =Vu=0 21
Ox? * 0y? " (219)
u(z,y) is harmonic. Similarly, v(z,y) is harmonic. We conclude that if f = u + v is
analytic, © and v are conjugate harmonic functions.

Example. Consider the real function u(z,y) = cosx coshy

’u  O%*u

2 e R
Vu_@x2+8y2

= —cosx coshy + cosz coshy = 0 (220)

hence u is harmonic. Then we find the conjugate harmonic function v(z,y). Using
the C-R equations

0 0
—v:—u:—sinxcoshy = v = —sinzsinhy + ¢(y) (221)
oy O
0 0
—U:——u:—cosxsinhy = v = —sinzsinhy + cz(z) (222)
Ox dy
so that ¢; = ¢; = ¢ and v(z,y) = —sinx sinh y + ¢, where c is a constant. Hence
f(2) = coszcoshy —isinxsinhy + ¢ (223)

is analytic by construction.

5.3 Multi-Valued Functions
Example. f(z) = z'/3. There are three related branches of z'/*
Fl(z) — T1/36i6/3

F2(2> — r1/3ei0/3+2wi/3 (224)
Fg(Z) — T1/3ei6/3+47r7j/3

with § € (—m, 7). Each one is single valued, but discontinuous along the negative
real axis. If we glue sheets together on the branch cuts, then the three sheets form
a Riemann surface. f(z) = z'/3 is defined on the Riemann surface on the following
way

f(z) = Fi(z) on sheeti (225)

f(2) is single valued and continuous on the Riemann surface.
Example. f(z) = z!/2 has 2 branches and 2 Riemann sheets.
Example. f(z) = z'/" has n branches and n Riemann sheets.

Example. f(z) =Inz = In(re”) not defined at z = 0.

f(z) =Inr+i0 + 2min (226)
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has one branch for each integer n.

Example. f(z) = (2 — )Y?. A branch point is a point that cannot be encircled
without moving on to a different sheet of the Riemann surface of f(z).

Example. f(z) = (z —a)'/?(z — b)'/2, a,b € R. The function has two branch points a
and b, the branch cuts must begin or end there (see in Fig.4).

a b a b

Figure 4: The two possible ways to place branch cuts for f(z) = (z — a)'/?(z — b)'/?,
and they form the same Riemann surface.

5.4 Integration of Complex Functions
5.4.1 Contours

We focus on contour integrals, [,, f(z)dz, along lines or paths C' in the complex plane.

Example. Evaluate [ zdz along (i) y = z* and (ii) y = z.

/ 2dz = / (x +1y)(dz +idy) = /(asdx —ydy) + i / (ydx + zdy) (227)
c c c c

(1) fol (vdz — 22°%dx) + i fol (22dx + 222dx) =i

(ii) fol (xdx — xdx) +1i fol (xdx + xdx) =1

Figure 5: The two paths, (i) y = 22 and (ii) y = «, along with the function f(z) is to be
integrated in the example.
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5.4.2 Cauchy’s Theorem

Theorem.
(Cauchy’s theorem) If f(z) is analytic everywhere on and within a closed contour C'

7{ f(z)dz=0 (228)
c
Theorem.

(Green’s theorem in the plane) P and @) are functions of x and y, and C is a closed
contour in the x — y plane, then

]{ (Pdz + Qdy) = / / <@ - a—P> dzdy (229)

Proof. Use Green’s theorem in the plane and Cauchy-Riemann conditions to prove
Cauchy’s theorem.

¢ 7 = § (aly) + ivfe, )+ idy)
C C
jl{ (udx — vdy) + i f (vdz + udy) (230)

A o R A G L

g

5.4.3 Path Independence

Theorem.
Let C; and C, be two contours from z, to z,. If f(2) is analytic on C; and C, and the
region between them, then

f(z)dz = f(2)dz (231)

Cl C2

Proof. Consider closed contour C' = ('} — (5. By Cauchy’s theorem

7{ f(z)dz = f(z)dz — f(z)dz=0 (232)
C 1 Ca
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5.4.4 Contour Deformation

Theorem.
If C, and O are closed contours, and ' can be defined into (', entirely in a region
where f(z) is analytic, then

f(z)dz= ¢ f(2)dz (233)
C1 Cs

Proof. Choose line segment AB as shown in the Fig.6. Consider C' = C + BA —
Cy + AB. By Cauchy’s theorem

foen= ([ fom [ ) e

— [ f)dz— | f(z)dz=0
Cq Cs

(234)

Ch

B

Figure 6: The constructed contour C; and C for the proof of contour deformation.

Example. Evaluate fo %dz, where C' is a closed contour around the original point.
Deform the contour into a small circle, radius » = 1, centred on the origin

z=e" dz = ie'?de (235)

f{ %dz = f{ édz = / e ied60 = 2mi (236)
c |z|=1 -7

5.4.5 Cauchy’s Integral Theorem

then

Theorem.

If f(z) is analytic within and on a closed contour C' and z, is any point within C,

then

(2) 4, = 9if(z0) (237)
= 0

C <%0

39



5.4 Integration of Complex Functions 5 COMPLEX ANALYSIS

or
) = — ¢ T8, (238)

2w Jor— 2
Proof. The integral is analytic within and on C' except at z = z,. Let C,. be a small

circle around z, i.e. C, : z = zy + re(r — 0), then

27 0
LLCO R T Q) IR TR T A A G i PR
c R — 2 r—0 c, Z— 2y r—0 0 ret

o (239)
= limi/ f(zo 4+ 7e)df = 2mi f(2)
r—0 0
O
Example. Consider the integral
sin z sin z
——dz=¢ —————d 240
fﬁﬂz }'{C(zﬂ')(z—z) © (240)
and consider the closed contour (1) C and (2) C.
i C
C
—1
Figure 7: The contour C and C for the example.
(1) For the contour C, We choose
sin z
= 241
fle) = 222 (241)
Then ' o
7{ S R L) P L (242)
c*+1 cZ—1 21

(2) C is a circle of radius 2 centred at origin, so

sin z sin z 7 sin z sin z
5 ——dz=¢ ———— _.dZZ— 3 T T dz
az22+1 a(z+1)(z—1) 2 Je\z+i1 z—i (243)

= — m(sin(—7) — sin(i)) = 2wisinh 1
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5.4.6 Derivatives of Analytic Functions

Cauchy’s integral theorem gives

f(z0) = 1 ﬁdz (244)

2m Jo 2 — 2o

If we differentiate both sides of Cauchy’s integral formula with respect to z,, inter-
changing the orders of integration and differentiation, we get

oy 1 f(2)
Similarly,
oy 2 f(z)
R et (246
) (5) = 7{ _ =)
" (z0) omi b =) dz (247)
Example. Consider the integral
I —j{ idz = ﬁdz with C:|z|=7r (248)
c on c zn+1

with f(2) = z, f/(z) = 1 and f™(2) = 0(n > 2).
e n=1,1=2mif(0) = 2mi
e n>2,1=2ZfM(0)=0

5.4.7 Fourier Transform of a Gaussian

We have known that

/ e dr = / o (@) qp ! (249)
where « is a real number. Now we use Cauchy’s theorem to prove it.
Proof. -
I, = / e dy = / e dz (250)
—o0 C1
I = / e~ @i gy — / e dz (251)
-0 Ca

where C is the whole z-axis and (5 is the line parallel to the z-axis at z = = + ia.
Let’s assume a > 0. To begin with, we construct a closed contour Cr = Ciz + E}, —
Csr + E. And we have

7{ e dz =0 (252)
Cr
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for any R. When R — oo, then

lim e *dz = lim / +/ —/ +/ e dy =0 (253)
R—o0 Cr R—o0 o EE Co E;

Now "
lim [ e ®dz= lim [ e Bt ’idy =0 (254)
R—o0 E?{’ R—o0 0
2 0 - \2
lim e *dz= lim [ e R dy =0 (255)
R—o0 E}; R—o0 a

So we have [, = I,. OJ

E}; CQR EE

—R Cir R

Figure 8: The contour Cx.

5.5 Power Series Representations of Complex Functions
5.5.1 Taylor Series

f(2) is analytic at 2, if it has a Taylor series in a neighbourhood of zy

flz) = Z an(z — zn)Q (256)
n=0
where £ (z0) £()
_ M) 1 z
B ]{C (2 — zp)"t1 dz (257)

5.5.2 Singularities

If f(2) is analytic except at specific points in the complex plane, those points are
called isolated singularities or poles.

Example. .
&) = e —ary (258)

has isolated singularities at z = 5,4, 1 + 4.

There two types of singularities:
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1. f(z) has a pole of order m(m > 1) at 2 if there exists a g(z) which is analytic
at zp and g(zg) # 0 s.t.

fo) = 9 (259)

(z — zo)™

This implies f(z) has a power series except around z

f(2) =) an(z—2)"+ > b (260)

n=0 n=1 (Z o Zo)n

Poles of order 1 are called single poles.

2. f(z) has an essential singularity at z, if f(z) has a power series except around
z = zo with infinitely many negative powers

e}

f(z) = Z an(z — 20)" + Z (z—b—nz)” (261)
n=0 n=1 0

Example.

f(z)=¢7 = Z% G) (262)

5.6 Contour Integration using the Residue Theorem
5.6.1 The Residue Theorem
Definition. Let f has an isolated singularity at z,, then the residue of f at z, is

Res(z9) = QLm g f(z)dz (263)

where C',, is a closed contour s.t. z is inside and f(z) is analytic inside except at z,. If
f(2) has a pole of order m at z, then

16 = - (Z)m 264)
o L o) L dnig(e)
_ gz B mTig(z
Resy(z) = 2mi ]i (z — z9)™ de= (m—1! dem=t | _ (265)
Example.
(1) f(z) =1/(z — 20) o) 266)
Resf(z0) =1 2
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(2) f(z) =sinz/(1+ 2)?

dsi
Res;(—1) = i = cos(—1) =cos 1 (267)
dz z=—1
Theorem.
(Residue Theorem) Let C is a closed contour, f(z) is a function that is analytic on C
and inside C' except at z = zq,--- , zy. Then
N
%f@wz:%mZ)%W@Q (268)
¢ k=1

Figure 9: The contour C used in the proof of the residue theorem.

Proof. Construct the closed contour C' = C—(C1+Cy+Cs). f(z)is analytic anywhere
inside C'. By Cauchy’s theorem

N
j{éf(z)dz = }({jf(z)dz — 2mi ; Resf(z) =0 (269)
U

5.6.2 Contour Integration Examples

Example.
(D ,
1 1 /1
I :j[ e/ dz :]{ [1 T (—) + dz = 27 (270)
|z|=1 |z]=1
(2)
7 _]{ z+2 B 7{ z+2 1s
2j=3 22° + 1 =3 2(2 + 75)(2 — 75)
1 1
=27 |Res | —= | + Res | ———=
o s () e () @
- +2 ——=+2
=271 ‘l/i — + iz Z = mi
A%z +v) 250
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(3)

o dx
I= /oo (24 1)(x2+9) (272)

Consider the contour C' = Cy + Sk, see in Fig.10(a), we have

[ R dz . / dz
= ]1lm = 11m
R—oo | _p (22 +1)(22+9) R-oo Sk (224+1)(2249)
) dz . dz
= lim — lim

R— Jo (z41)(z —i)(2 + 3i)(z — 3i)  R—oo Jo, (22 4+1)(22+9) (273)

T N iR "
=271 [Res(i) + Res(37)] — I%l_rgo D)9 /0 0?40

o 1+ 1 o
160 T Ta8i ) T 12

Y
x
NCr
: T : T
‘ SR ‘ ER
(a) (b)
Figure 10: (a) The contour for example (3). (b) The contour for example (4).
) N
I:/ cos T dx:/ Coszdz
—00 z? +1 x—axis 2241
eiz e*’iz (274)
= - - dz—l—/ - —dz
/z—axis 2(Z + l)(z - Z) T—axis 2(2 + Z) (Z - Z)
=L+ I
Consider the closed contour C; = C; + Ex and C, = Cy — Ep (see in fig.10(b))
eiz eiz
I, = 1 dz — 1i d
PR S 2 i)z — ) R o 2t i)z i) 275)
m iRe®? -1
. . . e 0 e T 4
=271 ReS(Z) — ]%grolo ; mZRe d«9 = 2’7le — O = §e
e—iz e—iz
L=—1 d li —d
S o AT Ty R A TP
0 —iRe®?

-1

e T
= i—— + ()= —e !
Z—4i 2°¢
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So we have
I=0L+1I,=mne!

5.6.3 Jordan’s Lemma

Lemma. Consider

I(R):/C e f(z)dz

(277)

(278)

where a > 0 (a < 0) and Cfj is a semicircle of radius R in the upper (lower) half-
plane. Let M (R) be the maximum value of f(z) on Cg. If M(R) — 0 as R — oo, SO

does I(R).

Proof. Consider the case o« > 0 and Cp is a semicircle of radius R in the upper

half-plane.
[I(R)| =

Z;em?NZMZtS/LJJMHf@MMd

At the point z = Re? on the contour, we have

|eiaz| — e W — efaRsinG

f(2)| < M(R)
|dz| = Rd6

SO

i . w/2 .
’[(R)’ < M(R)/ efaRsm€Rd9 _ ZRM(R)/ efaRsmede
0 0

M(R)

w/2
< 2RM(R) / eoR@/mgg = T (1—ef) <
0

(0% (0]

Thus, if M(R) — 0 as R — oo, so dose /(R). [

5.6.4 Inverse Laplace Transforms
Suppose we know .

F(s) = £10) = [ s
and we want to find

ct+ioco
F(#) = LF(s)] = —— / F(s)eds

210 Jolino

(279)

(280)

(281)

(282)

(283)

which is called Bromwich integral.To invert a Laplace transform F'(s). There are steps

to help find the solution
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(1) Find the singular points ay, as, - -- of F(s) and choose a real number ¢ such that

¢ > Re(a;) for all 7.

(2) Close the Bromwich integral contour show in Fig.11 with a large semicircle in

the left-hand half-plane.

(3) If the integral around the semicircle vanished as R — oo, then

27 Cr

—1400

c+1i00
f(t) L/C F(s)e’'ds = Z Res(a;) — ]%1_{20 F(s)e*ds (284)

where Res(a;) is the residues of F'(s)e*’. Here we notice ¢ = e*t%!. As we close
the contour to the left, i.e., v — —oc0. So ¢ — 0(¢ > 0). Hence

1 c+1i00 o
f(t) = 5 /C_ioo F(s)e*ds = ZRes(ai), t>0 (285)
¢+ 100
CR X
Re(s)
& X
€ — 100

Figure 11: The contour for inverting Laplace transforms.
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6 Calculus of Variations

6.1 Introduction

A function f maps a number, z, to another number, f(x)

ac—>—>f(ac)

A functional / maps a function, f, to a number /[f]

= U] — Iy(z)]

Example.

W I[f f f(z

@) T() = [ w*<x>ﬁw<x>dx
3) Ulp) = 3 [ o) drdir’

Ameg|r—r’|

(4) Sly f /1 dy )2dx = length of curve from x = a to = b given by y(z).

(5) S[z] = ff [Amd? — V(z)] dt = action.

Calculus is to find stationary points z, of f(x)

5 2
flx+0x) = f(z) + dxf'(x) + %f”(:ﬁ) e (286)
At a stationary point x = x
f'(xo) =0 (287)
§f(x) = f(x + 6x) — f(z) = O(62?) (288)
Calculus of variations is to find a stationary function of the functional /[y]
01 = Iy + dy] — I]y] (289)
Seek y = yo such that
51y, = O(0y?) (290)

6.2 Euler-Lagrange Problem

Let y be a function of variable y(x)

B / " (o), (@)dz (291)

where f is a function of 3 arguments z,y, v/, and x4, x5, y(x4), y(xp) are fixed.
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Euler-Lagrange problem is to find y(z) such that 67 = O(dy?) at y(x), and we say y
extremises /[y] or y is a stationary function of / or [ is stationary at y.

Consider varying y(x) slightly

y(r) — y(x) + dy(z) (292)
then
o) = [ FGegle) + Syl + o @)
o (293)
/ [fxyy)%—éyg%—éy%—l—@(éy)}d
so we have
5T =Ty + by] — 11y

+ dy]
(6yaf + 5y'af) dz + O(03?)

0
8 of 1" mood [0 294
ajj)dx%—{éy f} /x ) d—<af>d:£+(’)(5y) (294)

:/M
:/A

ay TA A
B of d [of
= oy | =— — — dz )
[, (5 - i (57)] a0
61 = O(6y?) if and only if
of d [Of
= - — (=)= 2
oy dx <8y’) 0 (295)
for x4 <z < xp. This equation is called Euler-Lagrange equation.
Example.
fla,y,y) = 1 +2%)y” -y’ (296)
= f;f f(z,y,y")dx is stationary if y satisfies
d
— 4y — o [(1+2%)2y] =0 (297)

We can also use the original method of calculus of variations

Iy + 6y] = / T+ 8 — (g + 5y) de (298)

zA
o) -
51 :/ [(1+27)2y'6y — 4y°0y] da

TA

B B d /
=(1+ x2)2y’5y‘“ - / dz (5y£[(1 + 2)2y'] + 4y35y) dz (299)

TA

:/xA dzoy (—%[(1 +2%)2y] — 4y3> dz
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I is stationary if
d
—gp 2%)2y] — 4y* = 0

6.2.1 Beltrami identity

Suppose f(z,y,y')
ar _of  ordy ol dy

de  Ox a_ydx +8_y’dx
If y is a solution function of the Euler-Lagrange equation

%—%4_ ’i (ﬁ) + ”ﬁ

de Oz Y dx \ 9y oy’
—ﬁ + i / a_f
“or e \Y oy’

Suppose f has no explicit dependence on z, i.e., 0f/0x = 0, then
i _ ﬁ Iy — 0
dx oy’ 7))

/- ﬁy’ = const
oy’

which integrates to

(300)

(301)

(302)

(303)

(304)

This equation is called Beltrami identity, which is the first integral of Euler-Lagrange

equation.

Example.
Iyl = /fdfc with  f(y.y) =y -y
Applying the Beltrami identity

y"? —y* — 2y"* = const

6.2.2 Functional Derivatives

_ [T, 19f 4 (of
5]—/“ oy [0_34 e (ay’)} dz + O(0y?)

then we can define the functional derivative of I with respect to y

of _0of 4 (of
sy(z) Oy dx \ 9y
then Euler-Lagrange equation can be written as®

ol

We know that

3Confer function derivative dy/dz = 0.

(305)

(306)

(307)

(308)

(309)
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6.2.3 Lagrangian Mechanics

The Lagrangian of a classical particle moving in three dimensions is

1
L=T-V= 5ma‘:2 + V(x,t) (310)

where « = (x1, o, x3). The action

tp
Sla(t)] = / L{t, @, &)dt (311)
ta
Vary S[x] separately for x4, o, x3 and get an Euler-Lagrange equation for each
oL d (0L
_ = = =1,2 312
afL'i dt (al’z) O’ ! ’ 73 ( )
these give

which is Newton’s equation.

6.2.4 Examples
Example.

(1) Shortest Path Problem
(Method 1)
Between (z,y) and (z + dz, y + dy) along curve y(x), the distance is

d 2
ds = /dz2 + dy?2 = 4|1+ (ﬁ) da (314)

so the length of y(z) is
/ds = / vV 1+ y2de (315)

This extremised by Euler-Lagrange equation

d Y
0——|——]=0 = "= = =cr+d 316
( - y’2> Yy =c y=cr (316)

(Method 2)
We write the curve in parametrised form

y=y), x=z(}) (317)

The curve fixed at A = A4 at (z4,y4) and A = A\p at (xp, yp). The length of path

is
Ap dz dy 2
/ds :/\/dx2+dy2 :/ (—) + (—) dA (318)
W dA dA
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This extremised by Euler-Lagrange equation. For x

d =0 = = (319)

x’ x’
0— — | ———
d\ ( /x/2+y/2> /I'2+y'2

Similarly, for y

d Y Y
0—a<—4w>— ® T’ (20
So we have ) 1
y—/:’y = —y:7 = y=~vr+c (321)
T dx

(2) Brachistochrone
A particle moving from A(0,0) to B(zp, yp) takes the time

B B r=xp 1 12
:/ dt:/ ﬁz/ VY gy (322)
A AV =0 V29y

Using the Beltrami identity

/

Y

1 /2 12 _
VIR s g4yt = = =Y (329)
2q9y 2gy y

where a = ¢. The solution is a cycloid*
r=2x(0) = a(f — sin0) (324)
y=1y(0) =a(l —cosf) (325)

where a = «/2. Then we can find the total time along the cycloid from A to B
in terms of 05

93 9]3
T \/dx/dﬁ dy/d9 / d@- 93 (326)
0 V29y

6.2.5 Symmetries and Conservation

* Conservation of energy
Consider a single particle in 1D space, and the potential doesn’t depend explic-
itly on time ¢t. The Lagrangian
1

L(z,i)=T— L= 5m~2 — V() (327)

*Hint: suppose tan¢ =,/ - (~71/2 < ¢ < 7/2).
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Using the Beltrami identity

L
L— a—x = const (328)
0%
which gives
1
—mi?+V = T+V =const (329)
2 total energy

so we see that the V' being independent of ¢ leads to the conservation of total
energy.

More generally, for any mechanical system with position variables g

L(q,q):T—V(Q), q:((]1,Q27"' 7(]1\7) (330)
which does not depend on ¢. If one defines
N
oL
H=-L li— 331
N (331)

H is the classical Hamiltonian and the total energy. Then the Beltrami identity
tells us that this is a constant of the motion.

Conservation of momentum
Consider a particle in 3D space. Suppose the potential V' (x, &, t) is independent
of @ = (x1, 9, x3), i.e., there is no extended force in z; direction
v
3@» N
The Lagrangian is also independent of x. The Euler-Lagrange equation gives

0, =123 (332)

d /0L .
T (8%) =0 = m; = const (333)

which is the momentum of that particle in the z; direction.

Conservation of angular momentum
Suppose q = (r(t),0(t).o(t)), then the Lagrangian for the particle is

L=T-V(r,0,¢) (334)

where the kinetic energy
T = %m(i’2 + 7202 4+ r?sin? 6952) (335)
We find that 7" doesn’t depend on ¢. If V' also doesn’t depend on ¢, then the

Lagrangian doesn’t depend on ¢.

d (0L oL -
T (%) = 8_¢ =0 = mr’sin? 0¢ = const (336)
is a constant of the motion. This is the angular momentum in the z-direction.
If the potential V' is a function of r alone, the system is spherically symmetric,
then all components of the angular momentum are conserved.
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6.3 Constrain Extremisation and Lagrange Multipliers
6.3.1 Constrained Extremisation of Functions

Consider the function f(z,y) and we want to find the stationary points of f subject

to the constraint
g(z,y) —C =0 (337)

At the stationary point P, the contour of f(x,y) are parallel to the curve ¢g(z,y) = C
VIP) I Vg(P) = V(f(z,y) = Ag(z,y))p =0 (338)
The gradient ratio A\(# 0), is called a Lagrange multiplier.
Green arrows indicate direction of Vffx)

Unconstrained maximum of f{x,y)
Contours of constant f(x,y)

Curve g(x,y) =0

Constra.’ined maximum of f{x,y)

Blue arrows indicate direction of Vg(x,y)

Figure 12: An illustration of the method of Lagrange multipliers.

In d-dimension, with the function f(z4,--- ,2z,4) and more constraints
gi(x) = Ch
g2(x) = C>
(339)
gi(x) = Cj,

The constraint surface is d — k dimensional. [ is extremised on the constraint surface
if
V(f—=Mgi— g2~ — ge) =0 (340)
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Example. Find the minimum distance between curves xy = 1 and x + 2y = 1. Our
task is to minimise \/(zs — z1)% + (y2 — y1)%, which is the same problem as minimis-
ing

f(x1, 2, y1,92) = (22 — 21) + (Y2 — 11)° (341)
Construct
w(x, Ta, Y1, Y2) = f(x1, Ta, Y1, Y2) + Mx1yn + p(we + 2y2) (342)
Vu = 0 gives
ou
a—xl = 2($1 — ZL‘Q) + >\1y1 =0 (343)
O oy — 1)+ pp =0 (344)
D74 = a2 — X7 Ho =
ou
a_y1 =2(y —12) + M1 =0 (345)
ou
— =2(yo—y1) +2u2 =0 (346)
0ya

The solution is

<$17y1> = <\/§7 \/7§> ) (x27y2) = (1+3\/§74_3\/§> (347)

) 10

The minimum distance is then (2v/2 — 1)/v/5.

6.3.2 Constrained Extremisation of Functionals

Functional problem is to extremise F'[y| subject to G[y] = C. The Lagrange multiplier
is to find solutions of 6(F' — A\G) = 0.

Example. (The catenary) Find the shape formed by a heavy rope of a chain hanging
between two fixed end points A(—a,0) and B(a,0). Our task is to minimise the total
energy. Suppose the mass density is p, and the mass of piece is dm = pds. The total

energy
B B a dy 2
E = g/ ydm = pg/ yds = pg/ yr/ 1+ (d_) dx (348)
A A a x

Figure 13: A heavy rope of a chain hanging between two fixed end points A(—a,0) and
B(a,0).
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The length of the rope is fixed. So the constraint

B a 2
L:/ dSZ/ \/1+<%) dz
A —a dx

Then we have to extremise

a dy 2 a dy 2
U=F—- )L =pg yr/1l+ | — ) dz—A 1+ (— | dz
—a dx —a dx

2/_Z(pgy—k)\/ry’2dx= /_Zfdﬂj

f does not depend on x, then we can use Beltrami identity

of
8y’y

f'_

which is
12

(pgy — V1 +y? = (pgy — A)ﬁ =C

Let n = pgy — A, then we have ' = pgy’. Hence
P ) [ 7’
n==C 1+W’ n=+p9\/ 7z — 1

d 2 d
W= =gy s =1 = ——— = pgda

- dx C? 2
Vi —1

Let n = C cosh ¢, then dn = C'sinh ¢gdq

d
/—77 :pg/dx
V-1
= C’/dq:pgdx
= Cq=pgr+d

= % = cosh (%)

n' =0 when z =0, so d = 0. Then

For x > 0,7 > 0. So

The two constraints

(349)

(350)

(351)

(352)

(353)

(354)

(355)

(356)

(357)
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1. Whenz =a,y=0

,Oig [cosh (% + )\)} 0 (358)

2. The length of the rope is fixed

L= / cosh (pg ) dox = g sinh —— pgfL’

20 <inh 9%
a Py ¢

Y

(359)

Then we can find numerically solutions for C' and \ from the constraints above.

6.4 Variational Methods for Solving the Schrodinger Equation
6.4.1 Variational Formulation of the Schrodinger Equation

The problem of finding the eigenfunctions of a Hamiltonian H is equivalent to the
problem of finding the stationary points of the functional

_ / o HY (360)
subject to the normalisation constraint
/ vy =1 (361)
We claim that
— [witv—c [v (362)

Here ¢ is the eigenvalue. Let ¢ extremes I, we have
51 =1l + 0] — I[v]
= [t [wiion e [Gorw-c [w60) (g
= [ )dre — 0+ [ - oy =
oI =I[Y + 6] — I[Y)]
:_Z/((w Hl/)—i—z/w*Héw +Z£/51/1 za/¢ () (364
~i [ —ev) i [Goi - vy -
Compare the two equations, we have
/ (60")(He — ) = 0 (365)

for any ¢. Hence R
Hy—eyp=0 (366)
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6.4.2 The Linear Variational Method

Choose a finite set of basis functions {¢1, - - , ¢as}. The basis are linear independent,
but may not be orthogonal. Express ¢ as a linear combination

M
b(e) = cata (367)

a=1
where ¢ = (¢, -+ ,cp) is an M-dimensional vector of expansion coefficients to be

determine. Our task is to extremise
11§) = Ile] = Blc] - eN1¢] (368)

Here, F is the total energy of the system

M M M
Bl = [ ooty cavn = 3 iHuaes (369)
a=1 B=1 a,B=1

and N is the normalisation constraint.

M M M
Nlc] = /ZCZ¢2265¢5 :/ > chSascs (370)
a 5

a,B=1
where
H.z = / gzﬁZfI ¢ = Hamiltonian matrix (371)
Sap = / ¢,,¢p = overlap matrix (372)

Sap = 044 if basis are orthogonal. Otherwise S,z is a positive definite Hermitian
matrix. Now we have constrained variational problem for a function of M variables.
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