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1 ATOM-FIELD INTERACTIONS - SEMICLASSICAL THEORY

1 Atom-field interactions - semiclassical theory

1.1 Dynamics of atom in light-field
1.1.1 The propagator

We define the propagator U(t) via the relation

(1)) = U(t)[(0)) - (D

Here, |V(t)) represents any solution to the Schrodinger equation. The propagator
adheres to the initial condition U(0) = 1 and satisfies the Schrodinger equation

Z% (1)) = iU (1) [¥(0)) = HU(t) |¥(0)) 2

This leads to the operator equation

iU = HU. 3
The adjoint operator U'(t) satisfies
iUt = OTE = U, 4
These relations yield
i (00Y) = 00t 100" = HUD! ~ 00 = [, 007). 5)

With the initial condition U/ (0)Ut(0) = 1, we find
UtUt () = Ut@)U¢) = 1. (6)

1.1.2 Perturbation theory

The Schrédinger equation, together with the initial condition U/(0) = 1, can be
reformulated as the integral equation

Ut)=1+ /t o) =1 —z’/t dt'H(tU(t')

0

zﬂ_i/otdtlf[( )[]l—z’/tldt”f[( U (") (7)

:1—1/ dt' H(t /dt/ At"H (¢ YH (U (t").

For sufficiently short times, this can be approximated as

U(t):ﬂ—z/ dt' H(t /dt/ dt"H (') H (t"). (8)
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For this approximation to be accurate, it is crucial that the 'magnitude’ of H is suit-
ably small. Hence, working in a suitable frame becomes essential. Instead of solving
the Schrodinger equation iU = HU for U, we attempt to solve for V' defined by

U =0V, 9

where U, is a unitary operator that is freely chosen. The Schrédinger equation can
now be solved for V, yielding

iV = ULHO — itV = (Ugﬁffo . iﬁgﬁo) V=AY, (10)

with the new Hamiltonian

H = U AU, — O30, (11)

The objective is to find U, such that time-dependent perturbation theory provides a
reliable approximation.

1.1.3 Atom-light Hamiltonian

Consider an atom with the Hamiltonian H, and the interaction Hamiltonian H; de-
fined as follows

ij [5) (W3, Zhgk [45) (] (12)

Here, h;;, = (¢, H; [¢)), and we choose the transformation U, as

Uo(t) = exp(—zf[mf) =Y e it yy) (4. (13)
J

"l:his choice ensures that —iUg [jo = —H,. The transformed Hamiltonian, denoted as
H, is given by
H=Ul(Hy+ H)Uy — iUIU, = U HUy + U H, U,y — iU U, = UL AU,
= Zew ) (il Z e [15) (i Ze—lwmt [¥m) (Y

_Zh]kexp _Wk) qubj>< Ul

(14)

Here, h;;, represents the oscillating term with frequency v, and we utilize cosvt =
(et + e~') /2. The oscillating functions lead to a vanishing integral in the form

f()t de'(---)
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1.2 A two-level atom in a monochromatic light field

Consider a two-level atom characterized by resonant frequencies w, and w,, with the

Hamiltonian expressed as
A w .
Ho = wy|g) (9] + we le) {e] = 50, (15)

where w = w, — w,. The interaction of this atom with a monochromatic light field is
described by the Hamiltonian

H; = Qg (le) (g] + |g) (e]) cos(vt) = Qg cos(vt). (16)

Here, ()i represents the Rabi frequency, proportional to the light field’s intensity,
and v is the frequency of the light. The total Hamiltonian for the two-level atom
interacting with the monochromatic light field is given by

H= %&Z + QR cos(vt). a7

To find the solution to the Schrodinger equation, we introduce the transformation
Us = exp(—iga.t). (18)
where 7 is a parameter. This transformation yields the transformed Hamiltonian %

= UL A, — 040,

s s o e a9
_ 0 4 : Q : '
= o 4 S [T eI [, o]

For the case of = w and under the rotating wave approximation (RWA), the trans-
formed Hamiltonian becomes

A 0 ) )
Hl _ 7}3 [6_+el(w—u)t + &7e—z(w—u)tj| ) (20)
Similarly, for » = v under the RWA, the transformed Hamiltonian is given by
o w—v,. 1o 1lw—v Qg
H = 5 UZ-|-2QRJ$—2(QR —(w—y)>' 2n
The eigenvalues of A’ are then determined as
1 Qg
)\i:ié\/(w—u)hr@%:i?, (22)

where Qg = /(w — v)2 + Q% is referred to as the generalized Rabi frequency. The
associated propagator is given by

o Qa 1~ (Qa
J— / — —_ J— / [E—
exp( ZHt) ILCOS( 5 t) ZQG/QH sm( 5 t)
_ Q¢ fw—v._  Qp_\ . (Q
= 1 cos (715) —1 ( 0 o, + Q_G%) sin (Tt) )
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1.2.1 Resonant driving

In the scenario of resonant driving, where the light field matches the atomic transi-
tion frequency (w — v = 0), the system’s evolution is described by the propagator

[y o QR N . QR
exp(—z’H t) = 1 cos ( 5 t) — 10, sin ( 5 t) . (24)
Applying this to the ground state yields the evolved state
A . QR . QR
exp(—z’H t) lg) = cos ( 5 t> lg) — isin ( 5 t) le) . (25)

When combined with the initial factor Uy, the evolved state becomes
LW e
exp(—zgazt) exp(—z?—[ t) lg)
_ W Qg . W . Qp
=exp (z§t> cos (Tt) lg) — i exp(—z§t> sin (7t> le) (26)
_ W Qg . . . Qp
=exp <z§t> [cos (775) lg) — iexp(—iwt) sin (Tt) |e)} :

The probabilities of finding the atom in the excited state or ground state are given
by

|ce(t)]* = sin? (%t) = % [1 — cos(Qrt)], (27)
ey (£)]2 = cos? (%t) - % 11+ cos(Qnt)] 28)

These oscillations are known as Rabi oscillations.

1.2.2 Off-resonant driving

In the case of off-resonant driving, where the light field frequency deviates signif-
icantly from the atomic transition frequency (|v — w| > (lg), we can make the
following approximations:

(9l 2 W — v UV —Ww
Q¢ J(w—-v)2+0Q% |v—ul
Q Q Q
B L N (30)

Q_G_ \/(w—u)2+Q%N v —w|

As a result, the propagator simplifies to

R 9 Q Q
exp(—i?—l't) ~ 1 cos <7Gt) — 46, sin (7Gt> = exp <—2'7G62t>. (31)

7
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1.2.3 Ramsey

When v = w, the propagator in the interaction picture is given by

N 1 1
U, = 1cos (5931&) — 10, Sin (éQRt) ) (32)
For a duration T" = 37, this expression simplifies to
0,(T) = (1 — i6,) (33)
(T) = —=(1 —idy).
V2
Assuming the atom is initially in its ground state |g), the evolved state becomes
(T)) = = (1g) i le)) (349
= — —1le)).
/32 g

A measurement of the population of the eigenstates at this point would yield a 50%
probability of finding the system in the ground state and a 50% probability in the
excited state.

Now, consider a Hamiltonian with an additional phase ¢:

A, = g&z + Qré, cos(vt + 6). (35)

The associated propagator is given by

0,(T) = % (1 — i(6 cos &+ 6, sin )] (36)

Applying Uy, (T) to the state |¥(T))), we obtain

W(2T)) = —iexp (ﬁg) sin(g) lg) — i exp (—zg) cos(%) ©. @7

The probability of finding the atom in the ground state or the excited state oscillates
with ¢.

1.3 The three-level atom

Consider a three-level atom, focusing on the transitions between states |g;) and |e)
as well as |g2) and |e), both experiencing frequency detuning 6. The corresponding
Hamiltonians are given by

~ 9 . .
Hy = % (ley {gul €™ + |gu) (el e™™"), (38)
. 0 . .
Hy, = ﬁ (le) (ga] € + |ga) (e] ™) . (39)
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)
R J—

91) 92)

Figure 1: A three-level atom with energy levels |¢1), |g2), and |e). The detuning is
denoted by 9, and blue arrows indicate possible transitions between energy states.

where the factor 1//2 is taken for convenience. Combining these transitions, the
total Hamiltonian becomes
B = 22 (Je) gl @ +1o) {el ) (40)
where |g) = (|g1) + |g2))/V/2. Simplifying further, we arrive at
H= % (6, cos 6t + &, sin ot) . (41)

The propagator at time ¢ = 27/§ is approximately given by

t t t1
Ut) ~1—i / dt H (t)) — / dt, / dto H (t)) H (). (42)
0 0 0

Evaluating at ¢t = 27 /4, the first-order term U vanishes, and the second-order term
U® involves integrals requiring careful computation

. It QQ 2m /6 t1
U (—) =k dt; / dty (6, cos 0ty + 6, sin 0ty) (6, cos 8ty + G, sin dty) .
0

o 4 J,
(43)
Several necessary integrals are calculated, yielding the perturbative expression
~ (2T 0?2 2m
) ~14+i-B6, (= ).
U(5> +2450z<5) (44)
This expression mimics the influence of an effective Hamiltonian H, = —%62 =

£5,. Extending to the explicit three-level case, the effective Hamiltonian is ex-

pressed as 0
He = = (le) (el = 19) {g)- (45)

¢ 2
With eigenstates |e), |g), and (|g1) — |g2))/V/2, the eigenvalues are %, — and 0.

2 2
The corresponding propagator is given by

exp((~ift) = exp (—z’%t) €} (e|+exp (%t) 19 (gl + ‘gl>\;§‘~"2> <gl'\;§<92‘. (46)

Applied to the initial state |g;), it results in

. Q Q Q
exp(—iHet) lg1) = exp (zft) |:COS (ft) |g1) + isin (ft) |gg>} , “47)

with the effective Rabi frequency Q. = —Q%/24.

9
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1.4 The Bloch sphere
1.4.1 The Bloch equations
The Pauli matrices satisfy the following relations
(00, 03] = 2i0p,0, {6005} = 21045. (48)

Expressed in terms of the eigenstates |g) and |e)

o:l9) =le),  Gzle)=1g), (50)
oylg) = —ile), dyle)=1ilg). (51)

The Bloch equations are defined as follows:

(|1 |T) =1, (52)
(U] 6, |W) = S, (53)
(W] 6y W) =Sy, (54)
(V|6 |¥) = S.. (55)

s=15,]. (56)

1.4.2 Dynamics of the Bloch vector

Instead of the Schrédinger equation, we can describe the system dynamics using an
equation of motion for the Bloch vector S. In addition to the Schrodinger equation

0 A
% |U) = —iH |V). (57)
For the state vector | V)
AP 2|v)
S =0, W) + (U] 6,
=i (Y| Ho, |W) — i (W] 6, H |¥) &8
=i (V| [H, 6] V).

To simplify, express the Hamiltonian in terms of Pauli matrices

= Z Y, (59)

so that
S, _ZZ (W] (6,6, |¥) = w,6. — w.6,. (60)

10
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Similarly, '
Sy = w0, — W0, (61)
S. = We0, — WO, (62)
In vector notation ‘
S=wxS§, (63)
and p
a||S|y2:SS+SS: (wx 8)S + S(w x 8) =0. (64)

1.4.3 Averages over different states

Consider the expectation of an observable (4) = . p; (¥, A|W;). We can thus
define the Bloch vector for the ensemble average

(S) =Y p;S; (65)
J

11
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2 Atom-light interactions - quantum theory

2.1 Quantum harmonic oscillator

The Hamiltonian for a one-dimensional harmonic oscillator is given in terms of the
position operator X and the momentum operator P as follows

. P2 . p? mw p*+ 12
H=—+-mw’X?=h —X?| =h 66
g “ <2mhw *on ) YTy (66)

where the dimensionless operators are defined as

mw - 1 ~
t=4/—X, p= P. 67
z ; P —— (67)

) = [ ==X P = %{X,P] i 68)
The creation and annihilation operators are defined as
. r . . . ..
azﬁ(x—l—zp), aT:E(x—zp). (69)
They satisfy the commutation relation [a,a'] = 1. Additionally, & and p can be
expressed in terms of these operators:
R SV R
x—ﬁ(ajta), p—ﬁ(a —a). (70)
Finally, the Hamiltonian takes the form
H = hw (a*a + %) . (71)

2.2 Quantization of the light field

Light is an electromagnetic field, and to quantize it, we start from the classical de-
scription based on Maxwell’s equations

V-E =0, VXE:—%—?, (72)
1 0F

The electromagnetic field is decomposed into standing wave modes, represented by
an ansatz

E =) Aufu(t)sin(kz)e,, (74)
k

12



2 ATOM-LIGHT INTERACTIONS - QUANTUM THEORY

B = g Akfk(t)go—k'im cos(kz)e,. (75)

Here, f is the normal mode amplitude, k = 27n/L withn =1,2,3,---,and V- E =
V - B = 0. The Maxwell equations imply the following wave equation

ft) = =R f(t) = =11 £ (1), (76)

where v, = ck is termed the linear dispersion. The Hamiltonian of the electromag-
netic field is then expressed as

1 B
H = — | d E:y Y
;2/ r(com2+22)
:Zﬁ// dzd /L fE(t) sin?(kz) + if2(7f) cos?(kz)| dz (77)
g 5 Yy ; k V}z k

1 V A? .
=52 o AR+ )]

Comparing with the one-dimensional harmonic oscillator 7 = %mcﬂf( 2 4+ %, we
identify the following correspondence
g0V A2 . . :
N 022k, we v, X< f, P=mf. (78)
Vi

f(t) can be written in operator form

p 1 /h . .
fk(t) _ Z ﬁ (&kefwkt + &Lezukt) . (79)
0

k

2.3 Fock states

With the commutation relation [a, a'] = 1, the action of the creation and annihilation
operators on a Fock state |u) with eigenvalue . for afa is explored

a'aa|p) = (aa" = 1)a|p) = a(a’a = 1) |u) = (1 = V)a|u) . (81)
This implies that a |u) is an eigenstate with the eigenvalue i — 1 of a'a. Additionally
(ulalalp) =p = alp)=ulp—-1). (82)

And similarly
al|u) = /p+1jp+1). (83)

The operator a'a represents the photon number, and the state |u) is termed a Fock
state or number state.

13



2 ATOM-LIGHT INTERACTIONS - QUANTUM THEORY

2.4 Jaynes-Cummings model

The interaction between a two-level system and a single mode of the quantized
electromagnetic field, known as the Jaynes-Cummings model, is described by the

Hamiltonian .
H = 2. + 5 Q0 (ae™" +ale™). (84)

We can Break down the evolution under specific transformations. In the lab frame,
Us = exp(iva'at), the interaction Hamiltonian becomes

~ d A A ar A 1
Hs = ULHUs — iUUs = g&z +vila+ 5Qr6,(a+ al). (85)

In the interaction frame (or rotating frame), U; = exp(—i%0.t), the interaction
Hamiltonian is given by

7:[1 :UITFAIUI — zUITUI = %QR (6+ei“’t + 6_e_i“t) (de_“’t + dTei”t)

1 ‘ . 4 '
:§QR [(5’+del(wfu)t + 6’+dTez(w+u)t + & Gqe Hwtn)t + OA',dTefl(wfy)t} .

(86)

This Hamiltonian involves four elementary processes

o.a: The atom absorbs a photon and becomes excited.
6.4 The atom emits a photon and becomes excited.
o_a: The atom absorbs a photon and becomes de-excited.

A

&_a': The atom emits a photon and becomes de-excited.

The last two processes violate energy conservation strongly; they are the quantum
mechanical equivalent to the terms we had neglected in the case of a classical light
field. If we neglect them in rotating wave approximation, we are left with the Hamil-
tonian

A 1 . )
Hin = 5% (6 ae’ @™ + 6 alel )] (87)

Similarly, in the lab frame
~ w “ ATA 1 ~ A ~ A]L
Hsr = 50 +va'a + EQR(UJra +o_a"). (88)

If we consider the states |g, ;) and |e, x — 1). Those states are eigenstates of Hgp,
since

R w 1

Hsrlg, 1) = <—§ + IU/> |9, 1) + SRV e, = 1) (89)
~ 1 w

Honle, = 1) = 5/ lg, i) + (5 + (0= 1w ) e, = 1). (90)

In terms of the basis {|g, 1) , |e, . — 1)} we can express this as the matrix

(—%j =3y 30y ) 1)
28 ny/i S (=y)v)”
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)

|91) |92)

Figure 2: The lambda-system.

or, in terms of Pauli-matrices as

H, = —2 > Yo+ %QR\/,;@ + (u - %) V1, (92)
In the case of resonance between atom and light-field, this reduces to
ﬁ“(V =w) = %QR\/ﬁax + <,u — %) v, (93)
with eigenstates
5 l9.1) £ et = 1). 94)

2.5 The lambda System

The Hamiltonian of the Lambda-system interacting with a single-mode quantum
field in rotating wave approximation is given by

H =we) (] +0(|g1) (o] + |ge) (go]) + vala

+ 250 (l) el 81+ ) (el 7+ e} (] + ) (] 0 ©5)
=ule) (el + 5% [(n) (el + o) ()l + (1) (] + ) ()]
In the interaction picture, the effective Hamiltonian is expressed as

H = QL@QR [(l91) (el + 1g2) (eDale™ + (le) (ol + le) {g2))ac™] . (96)

Applying perturbation theory up to the second order, the term #(¢')H(t") is com-
puted as follows
~ 1

HEYH(E") _89% [<|gl> (e| + |g2) (e (Je) (g1] + |e) (ga])aae™ ="

+(le) (g1] + |e) (ga])(|g1) {e| + |g2) <6|)aaTei6(t’—t”)]

1 —iS(# —¢"
=§Q% (lg1) (g1] + 1g2) (92| + 1g1) {go| + |g2) (g1]) alae )

]. ; / "
+ ZQ?DL le) (e| (a'a + 1)e®E =t

(97)

15



3 COHERENT STATES AND SQUEEZED STATES

3 Coherent states and squeezed states

3.1 Coherent states

Recall the one-dimensional harmonic oscillator, for fock states |u), the expectation
values for z and p vanish

() & |} = jﬂwmm+mmww=a 98)
wmmwzigmmmwwam»:m (99)

and the fluctuations

) 1 B o " 1
(| &% |py = 5 (ul a* |p) + (ulaa’ |p) + (platalp) + (ulata’ |p) = p+ 5 (100)

) 1 N » » 1
(ul 0? |1) = =5 (ula® |u) = (plaa® ) = (ulalalp) + (ul @'a’ |u) = p+ 5. (A0D)

For the ground state

(01210) = (015]0) =0, (0] J0) = (0] %0} = 5. (102)
This yields
AFAD = (014 10) — (02 D)D) 2[0) ~ (O[p0)) = 7. (103)

which is the minimal allowed uncertainty. We can generate different states with the
same uncertainty. These states are called the coherent states, notated by |a). « is
defined to

a =T +ip, (104)
by displacing the vacuum in phase space. The displacement operator is defined as
D(a) = exp (Oz&T — a*d). (105)
The coherent state
la) =D(a)|0) = exp(aa’ — a*a) |0)
1
:exp( 5 oz\2) exp(aa’) exp(—a*a) |0)
B 1
=exp 5 exp aa
1 at aT
—exp( o ) 3 0) (106)
Lo
=exp| —5 || Z —'
=exp ! |o|? Z —
2 - \/_

16



3 COHERENT STATES AND SQUEEZED STATES

The probability to find p photons is thus given by the Poisson distribution.

P(u) :exp(—\&\z)(lo;#. (107)

For the expectation value of = and p with respect to a general state |¥') one has

((¥| DY (a))z(D(a) |¥)) = (¥| (DN (@)zD(a)) [¥), (108)
(W] DY ()p(D() [¥)) = (U] (DY (a)pD(a)) |¥), (109)
then we calculate Lot
D(a)zD(a) = = + 7 = + xo, (110)
D' (a)pD() :p—ia\_/;* = p+po. (111)

We verify the uncertainty in position and momentum of any coherent state

(af2? o) = ({a] 2 |o))?

(0] D' (@)2*D() [0) = ({0] D' (a)z D () [0))”

(0] 2 |0) — (0] = |0))?, (112)

(0| D (a)p*D(ex) [0) — ({0 DY (a)pD(a) |0))?
(0] p*|0) — ({0 p[0))2.

(alp® o) = ((al pla))? (113)

3.2 Coherent states in real-space representation

The character of the displacement operator can be exemplified in the real-space
representation of wave functions.

1 ) )
U, (x) = (z]a) x exp (—5(93 — :1:0)2 + ipoxr — %$0p0>, (114

with 2o = (a+a*)/v/2 and py = (a — a*)/(+/2i). It is convenient to define the vector
la, 7) = exp[(aa’ — a*a)7] (0), (115)

with additional scalar parameter 7. It satisfies the differential equation

Ola,7)

_ T af
5 = (ad' —a’d)a, 7). (116)

The real-space representation of the operator (aa’ — a*a) reads

1 o x—i —aof m+2 —a_a*x—a+a*g—i x—mg (117)
V2 ox “ or)| V2 V2 or P 00z

We thus need to solve the equation

0P , 0
o (Zpol" - ZUO%) P, (118)

17



3 COHERENT STATES AND SQUEEZED STATES

with the Ansatz

®(7) = exp (—%(rv — fo)? +ifpr — is@)-

The initial conditions are f,(0) = f,(0) = ¢(0) = 0. The derivatives

02(7) fx O 0p
or ((:p B fm) Yor T ('97‘) (7).

e R SR AL )

~—

This yields

of. 0y .0
(0= 1) 22 1%y 9%

87 ort or

Collect all terms proportional to x

Ofe .0f,
or +28T 1po + Xo.
This is solved for
Ofe
= 2o = f:l: = ToT,
or

df,
a—::po = fp=poT.

Collecting all terms do not contain z yields

of. .Op .
—fxg - ZE —To fe — Z'I()fzn

which is solved for .

QO(T) = 5370]?07'2.

With 7 = 1, this gives the phase factor exp(—%zopo).

3.3 Dynamics of coherent states

For the dynamics induced by Uy(t) = exp(—iva'at), one obtains

Up(t) |a) =Uy(t) exp(aal — a*a) |0)

)
=Uy(t) exp(aa’ — a a)UO( YU (1) |0)
=Uy(t) exp(aa’ — a a)UO( ) 0)
—exp|alp(H)a'UJ (1) — a*Up(t)al{ (1)] [0)
=exp(aa'e™" + a*ae™") |0)
D (ce™™") |0) = |oae™™").

i— =ipoxr — xo (—(x — fo) +ifp) .

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)
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3 COHERENT STATES AND SQUEEZED STATES

3.4 Light-matter interaction with coherent states

Coherent states are eigenstates of the annihilation operator a:
R Loy ot
ala) =exp(~3l?) > i

J B okt B
:aexp(—é\od ) ;\/ﬁ lp—1) = ala).

Similarly, T
(afa" = a* (al.

Coherent states are not orthogonal to each other

(o 5) 2 570) (o 5) 25

I

Al 4+ 182 = (a")B
=exp(——2 )Z )

w,v

—exp Lo E) > (")

!

Now we want to find the eigenvector |¥) of a'. Suppose that

al |[U) = \|T) = |0).

The normalised vector is

)
(U|¥)
and
o |,
(W]w)
Normalising a' |) yields
a'|a) alla)

Ve la) e[+ 1

and
*

(o] al |a) o'

V{a]aal o) - Vel +1

In the limit |a| — oo

* *

« 5 (6%
Vie2l+1 e

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)
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3 COHERENT STATES AND SQUEEZED STATES

with .
R (138)
o
The relation
a o) ~ a* |a) (139)

is thus a good approximation for |o| < 1.

3.5 Squeezed states

Suppose we have two operators A and B and they satisfy [A, B] = iC, then one
obtains the uncertainty AAAB > |(C)|/2. The minimal uncertain state of A and B

AAAB = @ (140)

It is noteworthy that the minimal uncertainty states are related to the group of op-
erators considered. For example, coherent states are the minimal uncertainty states
concerning X, and Xo.

From the minimal uncertainty states, we can define the squeezed states, or squeezed
coherent states. If a state |¢) with commutation relation [A, B] = i(' satisfy

AA<\/ or AB<\/ (141)

then the state is called the squeezed state. It is clear that the coherent state is
squeezed in some directions.
The process of squeezing, in general, is described in terms of the operator:

S00) = exp(3 (a* = (@)?)) (142)

and we find ST(y) = S(x)~! = S(—x). Using e Be=4 = B+[A, Bl+31A,[A, B+
We choose A = —%(a2 — (a")?) and B = a + af, so [4, B] = —x(a + a') = —xB.
)2
Stix)(@+a")S(x) =B+ (—x)B + ( ;f) 4= (a+al)e X (143)
Similarly, if B = a — af, then [A, B] = x(a — a') = xB
2
ST @ —aH8(y) = B+ xB + %B+--- = (a—ah)er. (144)
So regarding to the quantum harmonic oscillator
St0ES(x) = de™,  ST()PS(x) = peX. (145)
Regarding to the phasor diagram, the amplitude operator X, and X,
ST0XS(0) = Xie ™, ST 0 XaS(x) = XaeX. (146)

Using the displacement operator D(«) and squeezing operator 5(¢), we can generate
the squeezed states, like the squeezed coherent state |a, ) = D(a)S(x) |0), the
coherent squeezed state |y, a) = S(x)D(«) |0), and the vacuum squeezed state |x) =

X, =0) = S(x)0).
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4 THE WIGNER QUASI-PROBABILITY DISTRIBUTION

4 The Wigner quasi-probability distribution

Let’s start with a classical property that we would like to be fulfilled

/ N dPW (X, P) = Pr(X), / AXW (X, P) = Pr(P). (147)

[e.9] [e.9]

The probability distribution of any quadrature is called a ‘marginal’. We can gener-
alize the marginal equations above into a single expression to include rotation of the
harmonic oscillator in its phase space. We then have

Pr(X,0) = (X|U(0)pU' () |X)
~ . . (148)
:/ dPW (X cosf — Psin6, X sinf + P cos@),

—00

where U(§) = exp(—ifla’a) is the rotation operator.

4.1 A derivation of Wigner’s classic formula

To start our derivation, we introduce two quantities. The ‘characteristic function’,
i.e. the two-dimensional Fourier transform of the Wigner function

W(U,V) = / dXx / dPW (X, P)e VX~ VF (149)
and the Fourier-transformed probability distribution
Pr(¢,0) = / dXPr(X,0)e X, (150)

We use the second part of the Eqn.(148) we have

Pr(¢,6) :/ dX/ dPW (X cosf — Psin®, X sin + P cosf)e X
oo o (151)
= / dXx / dPW (X, P)e %X cos0=icPsind _ 177(¢ o5 6, £ sin 6).

Using the first part of the Eqn.(148) we have

Pr(¢,0) = /_ T ax (X|UB)pUT(0) | X) e X

oo

_ /_ "X (] U (B)e U (6) [X) (152)

:/ dX (X| pexp(—iX&cosh —iPEsinf) | X)

o

=Tr(pexp(—iX&cosf —iPEsind)).

21



4 THE WIGNER QUASI-PROBABILITY DISTRIBUTION

Letting U = £ cosf and V' = ¢ sin f, we thus have our next important result

W(U.V) = Te(pexp(~iUX —iVP)). (153)

Using the Baker-Campbell-Hausdorff formula
exp(—iUX — iV P) = exp(iUV/2) exp(—iUX) exp(—iV P), (154)
we have

W(U,V) =exp(iUV/2) /_ Tax (X| pexp(—iUX)exp(—iV P)|X)

:exp(iUV/Q)/ dX (X|pexp(—iUX)|X + V) (155)

—0o0

— /OO dQ(Q — V/2|p|Q + V/2) exp(—iUQ),

o0

where X = () — V//2. Lastly, we do a inverse-Fourier transform to obtain the Wigner
function

1 o) [e’e] - ) )
W(X,P) =) / dU / dVW (U, V)eV*+VP

(271r)2 /ZdU/ZdV/ZdQ@—V/2|,0\Q+V/2>

x exp(—iUQ) exp(iUX + iV P)
1 oo oo o0
_W/OodU/_oodV/_oon@—V/2|p\Q+V/2)

X exp(:iUQ) exp(—iUV/2) exp(iU X ) exp(iV P)
1

7 / v / AQ(Q-V/2plQ+V/2) epliVP)

(156)

X /OO dU exp(iU(X — Q))

e 00 |
" or /_mdv/_ood@ (Q—=V/2|p|Q+V/2)exp(iVP)o(X — Q)

1 o0
—2—/ dV (X = V/2|p|X + V/2) exp(iV P).
™ —00

This equation is Wigner’s now famous formula

W(X,P) = %/ dveV <X - 5‘ p 'X + %> : (157)

—00

4.2 Properties of the Wigner function
* W(X, P) is normalized, i.e. [* dX [T dPW(X,P)=1.

22



4 THE WIGNER QUASI-PROBABILITY DISTRIBUTION

* W(X,P)isreal,ie. W(X,P)=W*X,P).
* If W(X, P) has any negative regions, then the state is non-classical.

* The overlap Tr(AB) = 2r [°._dX [7_ dPW4(X, P)Wg(X, P).
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5 OPTICAL HOMODYNE AND HETERODYNE DETECTION

5 Optical homodyne and heterodyne detection

5.1 Balanced homodyne detection

The Beam Splitter (BS) is one of the most important optical elements. It has two
spatial input modes a and b and two output modes a’ and ¥'. In quantum optics, the
unitary beam-splitter operator is

R 0/ .. .
— oo i (& + abt
B—exp{z2 <a b+ ab )} (158)

The most commonly used BS is 50:50 BS with /2 = 7 /4. Then we have

@ = BfaB = %(d +ib), (159)
i = BlbB = %(6 +id). (160)
Then we calculate the number operator observed by the photondiodes
a'ta = %(a* —ib")(a + ib) = %(a*& +ia'b — ibta + bb), (161)
vy = %(ZST —ia") (b +ia) = %(aTA —iatb + ibfa + b'h). (162)

In a balanced detector, these two photocurrents are subtracted, yielding the “differ-
ence current”

i oc b —a'ta’ =ibTa —ialb. (163)
Now we consider mode & to be the signal and mode b is the reference, which is

also called a local oscillator (LO). We assume that the LO is powerful enough to be
treated classically, i.e., we can neglect totally the quantum fluctuations of the LO.

b — amo = |ozLo|ei”/2ei9. (164)

Here, we introduce the phase ¢ in a convenient way to absorb the factor of i that
came from our convention for the phase in the beam-splitter operator. After this

~

b/

Q>

v i v i
50:50 50:50
50:50 BS - - - -
a X a a X a
[A) o b— a10 b— OéLoezwt
(a) (b) (©

Figure 3: (a) The 50:50 beam splitter. (b) Schematic for an optical homodyne detector.
The mode b is put in a strong coherent state a;p and is mixed on a beam-splitter with
mode a that we wish to measure. (c) Schematic for an optical heterodyne detection.

24



5 OPTICAL HOMODYNE AND HETERODYNE DETECTION

| LX)
. o, Lo
a a
g%z"x)
(P)
Qo

Figure 4: Dual homodyne detection. “v” denotes vacuum fluctuations.

transformation, the difference current becomes
i o |ouol(ae™™ + a'e')
= |aro| ((a+a') cos@ +i(a’ — a) sin )
= V2|ao|(X cosf + Psin)
= \/§|aLO|X9.

(165)

where X, = U'(§)XU(0) = X cosf + Psinf = 5(ae™" + a'e”). In this way, a

balanced homodyne detector measures the quadrature component Xj.

5.2 Heterodyne detection

The heterodyne detection is similar to the homodyne detection; however the LO has
a different frequency.

i |l (de’we*i“’t + dTewei“’t)

=V2|ano| <X cos(wt + 0) + Psin(wt + 0)) (166)
=V2|aro| Xuiro-

We can thus see that the detector is rapidly oscillating between making a measure-
ment of X, and P, and all angles in between, in time. Thus, it can be viewed as
making a simultaneous measurement of X and P, when the difference frequency w
is much larger than any dynamics of interest in the signal field a.

5.3 Dual homodyne detection

From the discussions above, we can write the difference currents i%) and i'7)

- 1
i V2|l X, = [ol3)(@ + @) = |l | —=(a + i0 + &' — idh)
. (167)

. .
Zla+ah+ 50 =90 = V2| 5(Xa = P,

X
:‘aio)’
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) 1
i ocv/2|alP X, = |alB| (0 + 8T) = —=|aiD)|(d + ia + o — iah)

V2

1 T A .
=[] —(v+vT)—|—ﬁ(a—aT) = V2|l | —=(X, — P,).

V2

(168)
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6 PHOTON COUNTING STATISTICS

6 Photon counting statistics

A very useful way to categorize the photon statistics observed is to use the following
three regimes:

» Sub-Poissonian statistics: A%n < 7.
* Poissonian statistics: A?n = 7.

 Super-Poissonian statistics: A%n > 7.

6.1 Poissonian statistics

Coherent states have Poissonian statistics

— o lol?/2 N ar (169)
a) =e my,
) 3 )
for photon number m. The amplitude
_ olal?2 & (170)
no) =e .
(nfo) NG
Then we get the probability
2n
Pr(n) = | (n]a) |* = e"‘IQ%. (171)
The mean photon number in a coherent state is
n = (ala'a]a) = |af, (172)
SO we can write
Pr(n) = e (173)
n!

This expression is called the Poisson distribution. Now we calculate the variance

o0 o0

A’n=> (n—n)’Pr(n) = (n’ - 2nn + n’) Pr(n)
n=0 n=0
:ZnQPr(n)—QnZnPr )+n ZPr
n=0 n=0
:ZnQ Pr(n) —n? = Z(n2 —n+n)Pr(n) — n? (174)
n=0 n=0
o0 * . pn—2
:n:on(n_ 1) Pr(n) + i — i :ﬁQ;e_"(n_Q)! -
:nQZPr(n—Q) +n—n?=n,
n=0




6 PHOTON COUNTING STATISTICS

or in a more “quantum optics style”
A?’n =(n?) — (n)?

= (a| (a'a)* |a) — (a] aa]a)”

175
~[af* (al aa ) — (al 'aa)’ a7
=laf* {a] (1 + a'a)|a) — (a|a'a|0)” = [af* = 2.
6.2 Super-poissonian statistics
One of the example is the thermal state. Consider the Boltzmann distribution
Pr(n) = exp(—nhw/ksT) bt (176)

Yonmo eXp(—nhw/kpT) 302 ™

where © = exp(—fw/kgT). If hw > kgT, i.e. x issmall, then > 2" =1/(1—x). The
probability becomes
Pr(n) = (1 —z)z", 77)

and we have known that
d 1
R S DT, a78)

So the mean photon number

T 1

n= ;nPr(n) =z(l—2) ;nx”_l =T—5= exp o JhpT) =1 (179)
From this, we have .
=TT (180)
so the distribution
1 no\"
Pr(n) = 7 <1+n) . (181)
which is called the Bose-Einstein distribution. Now we calculate the variance
A’n=n+n® > n. (182)
Thus, we see that a thermal state exhibits super-Poissonian statistics.
6.3 Sub-poissonian statistics
Consider the Fock state |n). The Fock states have a mean photon number
i = (n|a'a|n) = n, (183)
and a variance
A’n = (n| (ata)? |n) — (n|afa|n)® = 0. (184)
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7 Bunching and antibunching

In the previous section, we studied the statistics of the photon number for different
states of light. In this section, we will continue to look at intensity and photon-
counting measurements, but rather focus on how these quantities are correlated in
time.

Central to this section is the second-order correlation function ¢®(7), which is de-
fined below and describes how the intensity or photon number is correlated for a
time-separation 7. We then have three categories of temporal correlations which
are related to, but describe different physical properties from the three categories
studied in the previous section. These categories are:

* Bunched light: ¢®(0) > 1.
* Coherent light: ¢®(0) = 1.

* Antibunched light: ¢®(0) < 1.

7.1 Classical second-order intensity correlations

Let’s start with the classical “second-order correlation function”

@ (I(t)I(t+ 7)) . (185)
P = )t )
The intensity of classical field can be written as
I(t) =1+ AI(2), (186)

where (I(t)) = (I(t+7)) = I. The light field has a coherence time 7., such that when
T > 7., intensity fluctuations will be uncorrelated, i.e. (AI(t)AI(t+ 7)) = 0. In this
case

((1+AIM®))I + Al + 7))

L I? _ (187)
P IAI( 4 7)) + (ML) + (ALOAI(E+7)

IQ

gA(r>r1) =

Consider 7 < 7.. Of particular interest, is the case where 7 = 0 and we have

5 (188)

which is a key result of the classical analysis of the second order correlation function
and indicates that the light tends to ‘bunch’ together.
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7 BUNCHING AND ANTIBUNCHING

b I

0:50

<&

b/

Figure 5: The Hanbury Brown - Twiss experimental setup to measure intensity correla-
tions.

7.2 Quantum second-order correlations

Let’s now look at the second-order correlation function in the quantum picture of
light. The setup is in Fig. 5. The second-order correlation function can be expressed

as

@y (mna(t+ ) _ (TOY(E+ V(¢ + T)a(2))
P O+ ) @O+ )

Consider 7 =0

(a (1) (1)) = 5{(a! — b)(a+ ) = Slala) = ~(n), (190)
O (1)) = S4B — iah) (b +ia)) = £ ala) = £ (n) 191)
(a (O (O (1 (6) =7 {(a! — D)) —ia') b+ ia)(a + i)
:%(aTaTaa) — }l(aT(aaT —1)a) (192)
= afalala — 1)) = Fin(n — 1),
as mode b is in the vacuum state. So we have
42 (0) = %_;1» (193)

Notably, for a single photon input ¢ (0) = 0, which indicate strong antibunching
and is highly non-classical.
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8 THE HONG-OU-MANDEL EFFECT

8 The Hong-Ou-Mandel effect

Consider the interference of two single photons each incident on a 50:50 beam-
splitter as shown in Fig. 6. The input is |1) |1), and the output is

1) = B[1)[1) = Ba'b'|0) |0) =Ba’ BB BB |0) |0)

L AU (194)
- (B&TBT) (Bb*BT> 10)]0)

where the unitary beam-splitter operator is

3 0 A0 4 apt

B = exp 15 (a b+ab) ) (195)
We have

U T

B'aB = acos 2 + ¢bsin 2 (196)

N U

B'"bB = bcos 3 + 4asin 2 (197)

and we note that

Bt (g) - B (—g) . (198)

For the 50:50 beam-splitter, #/2 = 7/4, so we have

NS A 1 )
(BaBT) — Ba'B' = acos (—g) + ibsin (—%) -~ (a - z’b) , (199)
an A NT PO A T T 1 /-
T — TRt — o PN AT N o
(BbB ) BB bcos( 4) + msm( 4) 5 (b m) . (200)
Hence
Bapt = L (a* +7;13T) , (201)
V2
A 1 ~
T — = (pf A
BiB 5 (b +ia ) . (202)
a,|1)
50:50  |v)
b, 1)

Figure 6: Two photon interference.
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8 THE HONG-OU-MANDEL EFFECT

So the output state would be
+ sz) (iﬁ + mf) 10)]0)

= (@
E +iat? + b — biat) 0} o) -

l\DI»—‘[\DI)—‘[\'JIt—A

iat? 4+ sz2> 10)]0)
f(!2> 0) +10) [2)).

The “global phase” factor i can be omitted as this does not change the prediction of
measurement probabilities.

average

w

=

(]

o

C

[o]

i)

o

e

o

-

C

(0]

ke

(8]

g=

o .
5] min

Delay

Figure 7: The Hong-Ou-Mandel dig.

Customarily the Hong-Ou-Mandel effect is observed using two photondetectors
monitoring the output modes of the beam splitter. The coincidence rate of the de-
tectors will drop to zero when the identical input photons overlap perfectly in time.
This is called the Hong—-Ou-Mandel dip, or HOM dip.
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9 Cavity quantum optomechanics

An optical cavity must follows

A
NS =Ltay, N=123.., (204)

the optical cavity angular frequency is then

2me wcN wcN 1 < > 1
= g w B ——
X L4axy L l+zy/L P 14ay/L

(205)

(,UL(.Z‘M) =

where (w;) = mcN/L is the cavity frequency for x,, = 0. For x,,;/L < 1, we have

wi(zy) =~ % <1 — %VI) = (wr) (1 — %VI) ) (206)

The Hamiltonian of the full system
H = hwpybo + hwp (zp)ata
TM .

~ FiwpbTb + R{wy)ata — h(wL)TaT&.

(207)

We now introduce the dimensionless position quadrature operator for the mechani-
cal motion

XM:Z—A;:%(BMT), (208)
where zy = \/h/mwy;. So the Hamiltonian becomes
H = hwpybTo + hiwg)aa — hgoa'a(b + o), (209)
where gy is the coupling rate "
g0 = (W) 7= (210)

K
PN
P

1

—>

1 L ‘CL‘]\;
Figure 8: A Fabry-Perot optomechanical cavity comprising one large rigid input mirror
and one smaller mirror that can move under the influence of radiation pressure. The
cavity has a mean length L, the smaller mirror may be displaced from the mean position
by x)s, and we describe the optical cavity field and the mechanical motion with annihi-

lation operators @, and b, respectively.
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